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Abstract

In many applications extraction of source signals of interest from observed signals
maybe is a more feasible approach than simultaneous separation of all the source
signals, since the latter often costs lots of computing time and often is not neces-
sary. If the desired source signals have some specific properties, then we can exploit
these properties to design effective source extraction algorithms. This letter pro-
poses an algorithm, which extracts the desired signal with a priori knowledge about
its statistics. That is to say, if we know the range in which the kurtosis value of
the desired signal lies, we can use this algorithm to extract it. The validity and
performance of the proposed approach are confirmed through computer simulations
and experiments on real-world ECG data.
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1 Introduction

The problem of blind source extraction (BSE) [1] consists of recovery or es-
timation of part of non-Gaussian independent source signals that are linearly
combined in observations. Compared with simultaneous blind source separa-
tion (BSS) [2,13], BSE has many advantages. For example, signals can be
extracted in a specific order according to some features of source signals; only
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”interesting” source signals need to be extracted; BSE may save lots of com-
puting time and resources. Thus BSE has received wide attention in various
fields [2,13] such as biomedical signal processing, data mining, speech and
image processing.

There exist many BSE algorithms to extract a desired source signal as the first
output. For instance, according to the stochastic features of source signals,
Cichocki et al. [2,3] proposes an algorithm that extracts a source signal as the
first output, whose absolute normalized kurtosis value is the largest in all the
mixed source signals. In addition, the desired source signal’s specific property
(if it has), such as sparseness [4], temporal structure [5–7], frequency structure
[8], can also be exploited to extract the signal. However, when we only know
the range in which the desired signal’s kurtosis value lies, it seems that no
existing source extraction algorithms can be directly employed.

To address the problem above, we propose an algorithm that extracts the
desired source signal with coarse estimation of its kurtosis. In other words,
one only needs to estimate the range in which the desired signal’s kurtosis
value lies, but not the accurate value of its kurtosis. One important real-
world application is the problem of fetal electrocardiogram (FECG) extraction
[9,10], since the kurtosis value of FECG generally lies in a specific range, while
the values of other source signals and noises do not belong to this range.
The effectiveness and performance of this algorithm are confirmed through
computer simulations and experiments on real-world ECG data.

2 The proposed algorithm

Assuming the basic noise-free BSS model can be represented by

x = As, (1)

where x is the vector of observed signals with dimension N , s with dimension
M is the vector of mutually independent, stationary source signals (with zero
means and unit variances) to be estimated, and A is an unknown mixing
matrix. Here we postulate that the dimension N of the observed signals x is
larger than (or equal to) that of the source signals s, i.e. M ≤ N . A source
extraction algorithm extracts a desired source signal from the linearly mixed
x by introducing an iterative process to find a vector w so that

y = wTx = wTAs (2)
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is a source signal up to a scalar. But any of the source signals could come
out as the first one. For solving this problem, many algorithms use a priori
information about the desired source signal. For example, Barros et al.[7] use
the a priori information available through a Wiener filter to initialize their
algorithm.

To cope with ill-conditioned cases, a linear transformation known as prewhiten-
ing is often employed to decorrelate the observed signals x, i.e. x̃ = Vx such
that E{x̃x̃T} = I. In addition, this operation often makes algorithms simpler
and speeds up their convergence. For convenience, in the following we assume
that x are the prewhitened observed signals.

Let us suppose we have a priori knowledge about the desired source signal y,
i.e., k4(y) ∈ [a, b], where k4(y) is the normalized kurtosis value of the desired
signal, defined by

k4(y) = E{y4}/(E{y2})2 − 3, (3)

and a and b are given scalars with a < b. Then we propose to minimize the
following objective function

J(w) = −βk4(y), (4)

subject to the constraint a 6 k4(y) 6 b and ‖w‖ = 1, where β = sign(k4(y))
and y = wTx.

Using a penalty function method [11] we rewrite the constrained objective
function (4) as follows

F (w, σ) =−βk4(y) + σ

{[
max

{
0,−(k4(y)− a)

}]2

+
[
max

{
0,−(b− k4(y))

}]2
}

, (5)

where σ is a penalty factor. By differentiating F (w, σ) with respect to w, we
have

∂F (w, σ)

∂w
=





−β ∂k4(y)
∂w if a 6 k4(y) 6 b

−β ∂k4(y)
∂w − 2σ[a− k4(y)]∂k4(y)

∂w if k4(y) 6 a

−β ∂k4(y)
∂w + 2σ[k4(y)− b]∂k4(y)

∂w if k4(y) > b

(6)
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where ∂k4(y)
∂w = 4m4

m3
2

[
m2

m4
E{xy3} − E{xy}

]
. m2 and m4 are the second-order

moment and the fourth-order moment of y, respectively. Therefore the on-line
learning rule is given by

w(k + 1)+ = w(k)− µ
∂F (w(k), σ)

∂w(k)
= w(k)− µf(y(k))x(k), (7)

w(k + 1) = w(k + 1)+/‖w(k + 1)+‖, (8)

where k indicates time index and

f(y(k)) =





−βg(y(k)) if a 6 k̂4(y(k)) 6 b

−
[
β + 2σ[a− k̂4(y(k))]

]
g(y(k)) if k̂4(y(k)) 6 a

−
[
β + 2σ[b− k̂4(y(k))]

]
g(y(k)) if k̂4(y(k)) > b

(9)

in which g(y(k)) is derived by

g(y(k)) =
4m̂4(k)

m̂3
2(k)

[m̂2(k)

m̂4(k)
y(k)3 − y(k)

]
, (10)

and the following on-line estimations of mp(p = 2, 4) and k4(y) are performed,
respectively [3]:

m̂p(k + 1) = (1− η(k))m̂p(k) + η(k)yp(k), (p = 2, 4) (11)

k̂4(y(k + 1)) =
m̂4(k + 1)

m̂2
2(k + 1)

− 3. (12)

Note that if a and b are not suitably chosen (i.e., a is too small and/or b
is too large), then it is possible that several other source signals’ normal-
ized kurtosis value also lie in the range [a, b]. There are several methods to
solve this problem. A simple one is dividing [a, b] into several sub-ranges
[a, c1], [c1, c2], · · · , [cg, b], and running the algorithm for each sub-range. An-
other method is to use the generalized energy based deflation procedure [2,3]
to sequentially extract all these source signals, which is described below.

Let us suppose that yp has been extracted, where the subscript p indicates
the total number of source signals being extracted so far. Now we use the
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knowledge of yp to generate the new observation vector xp+1 which will not
include the already extracted signals (y1, · · · , yp). This can be easily realized
by minimization of the generalized energy based loss function

ρ(w̃p) =
1

2
‖xp+1‖2 (13)

where

xp+1(k) = xp(k)− w̃p(k)yp(k). (14)

Note that w̃p is different from wp; the latter is used to extract the source signal
yp. The minimum of the loss function (13) is achieved when the extracted
source signal yp is eliminated from the mixture of sources. Applying gradient
descent to (13) we obtain the simple learning rule

w̃p(k + 1) = w̃p(k) + η̃yp(k)xp+1(k) (15)

where η̃ is a learning rate. Different to the deflation procedure based on Gram-
Schmidt-like orthogonalization [14], this deflation procedure avoids accumula-
tion of error during the deflation.

Note the above online algorithm (7)-(12) including the deflation procedure
(14)-(15) can be directly transformed into an offline algorithm.

3 Simulations and Experiments on real-world data

We generate four artificial source signals (each 3000 sample points) with zero
means and unit variances. They are square wave signal, ECG signal, triangular
wave signal, and Laplacian signal, respectively (see Fig. 1). Their normalized
kurtosis values are -2.0, 8.0, -1.2, and 2.8, respectively. These source signals
are randomly mixed into four observed signals, followed by whitening prepro-
cessing. First, we set a = −3 and b = −1.8 for our algorithm to extract the
square wave signal. Learning rate µ is 0.001. The value of penalty factor σ is
initially set 2 and very gradually increases as the algorithm progresses. In the
same way, we set a = 7 and b = 10 for extracting the second source signal,
set a = −1.5 and b = −0.7 for the third one, and a = 2 and b = 3 for the
last one. Results are showed in Fig.2. To make comparison, the algorithm pro-
posed by Cichocki et al. [3] is also performed to extract the ECG signal (The
signal has largest kurtosis value, thus it is the first output signal when one
uses the algorithm in [3]). Its learning rate is 0.01, since via this parameter
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Fig. 1. Source signals

the algorithm obtains its fastest convergence speed. The two algorithms are
compared by the performance index

PI =
1

N − 1
(

N∑

i=1

e2
i

maxi e2
i

− 1), (16)

where e = wTVA = [e1, · · · , eN ], where V is the whitening matrix and A
is the mixing matrix. The performance metric has the following features: (1)
PI lies in [0, 1] for any vector e; (2) PI = 1 if and only if e2

i = e2
j for

all i,j in the range [1, N ] (i.e., maximally mixed sources in the output); (3)
PI = 0 if and only if e has only one non-zero element (i.e., extracted a source
signal in the output). The simulation is repeated independently 100 times with
different mixing matrices. Fig.3 shows the averaged performance index. The
first four rows are the averaged performance index of extraction of the square
wave signal, the ECG signal, the triangular wave signal and the Laplacian
signal, respectively. The last row is the performance index of extraction of
the ECG signal by the algorithm in [3]. From these results we can see the
online version of our algorithm has similar convergence speed to that of the
algorithm in [3]. In addition, another advantage of our algorithm is the ability
to extract a desired source signal as the first output signal (provided that
we know its kurtosis value’s range), regardless whether or not its absolute
normalized kurtosis is the largest among all the mixed source signals.

Next we use real-world ECG data to test our algorithm. The ECG data used
in this experiment is distributed by De Moor [12], which is a famous electro-
cardiogram measured from a pregnant woman (Fig.4). The electrocardiogram
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Fig. 2. Extracted source signals (from top to bottom) when (1)a = −3, b = −1.8
(2)a = 7, b = 10 (3)a = −1.5, b = −0.7 (4)a = 2, b = 3, respectively.

0 500 1000 1500 2000 2500 3000
0

0.5

P
I1

500 1000 1500 2000 2500 3000
0

0.5

P
I2

500 1000 1500 2000 2500 3000
0

0.5

P
I3

500 1000 1500 2000 2500 3000
0

0.5

P
I4

500 1000 1500 2000 2500 3000
0

0.5

Sample Points

P
I5

Fig. 3. Averaged performance index. The first four rows are the averaged perfor-
mance index of extraction of the square wave signal, the ECG signal, the triangular
wave signal and the Laplacian signal, respectively. The last row is the performance
index of extraction of the ECG signal by the algorithm in [3].

measurements are recorded over 10 seconds, and sampled at 250 Hz (Although
in De Moor’s homepage he claims the sampling frequency is 500 Hz, Barros
et al. [6] assure it is 250 Hz). The task is to obtain the fetal ECG (FECG),
which is the recording of the fetal heart’s electrical activity and provides valu-
able clinical information as to the heart performance. But it is always cor-
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Fig. 4. ECG data. Obviously, the MECG is the strongest while the FECG is very
weak. Only in the first recording (x1) can one observe the FECG.

rupted by a lot of noises, such as the maternal electrocardiogram (MECG)
with extremely high amplitude, mother’s respiration, power line interference,
and thermal noise due to the electronic equipment.

Three algorithms are carried out to extract the desired FECG. One is the algo-
rithm proposed in [6]; another is the one in [7]; the last is our algorithm. Since
the first two algorithms are offline algorithms, we adopt the offline version of
our algorithm to make fair comparison. In general, the normalized kurtosis
value of FECG lies in the range from 4 to 9, so we set a = 4 and b = 9 for
our algorithm. The extracted FECGs by these three algorithms are showed
in Fig.5. It is clear to see that the extracted FECG by [6] is corrupted by
some noises, while the others are clearer, implying our algorithm has similar
extraction performance to the algorithm in [7]. But both of the algorithms in
[6,7] require a priori knowledge about the desired signal’s autocorrelation in-
formation, and need to estimate a time delay constant. If error is introduced in
this estimation (sometimes this cannot be avoided), then their performance is
badly affected. In contrast, our algorithm does not have this drawback. What
is more, the offline version also converges fast (only 15-20 iterations are needed
to achieve convergence).

4 Conclusions

In this letter we present a source extraction algorithm, which extracts a desired
source signal with a priori knowledge about the range in which its kurtosis
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Fig. 5. Comparison of extracted FECGs. y1 is extracted by our algorithm; y2 is
extracted by the one in [7]; y3 is by [6].

value lies. The algorithm is useful when one wants to extract some source signal
whose kurtosis value lies in a specific scope. The performance and validity of
the proposed algorithm have been confirmed by computer simulations and
experiment on real-world ECG data.
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