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Abstract

This letter addresses the problem of fetal electrocardiogram (FECG) extraction. A
class of source extraction algorithms is proposed, which uses a combination of two
different approaches: Barros’s source extraction approach and Hyvärinen’s fixed-
point approach. The proposed algorithms can rapidly extract the desired FECG with
little noise, and can work well in some bad situations. The validity and performance
of the algorithms are confirmed by extensive computer simulations and experiments
on real-world data.
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1 Introduction

The extraction of fetal electrocardiogram (FECG) [1–3] is of vital importance
from the clinical point of view, because it provides information about the
health and the possible diseases of a fetus. Before delivery, non-invasive tech-
niques to acquire the FECG are preferred. However, the desired fetal heartbeat
signal appearing at the electrode output is always corrupted by a lot of noise,
such as the maternal electrocardiogram (MECG) contributions with extremely
high amplitude, the mother’s respiration, the power line interference, and the
thermal noise due to electronic equipment. Therefore obtaining FECG is a
difficult task.
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Many methods have been proposed to address this problem. A promising
approach is blind source separation (BSS) or independent component analysis
(ICA) [1–5]. However, separating all of the source signals from a large number
of observed sensor signals takes a long time and is often not necessary. Thus a
better choice may be the source extraction methods [4,6,7,9], which are closely
related to the BSS.

However, many source extraction algorithms [4,7,9,10] are not suitable to ex-
tract the FECG, since the objective is to obtain the FECG as the first output
signal. It seems that only the algorithm proposed by Barros and Cichocki [6]
is good at extracting FECGs. The simple and fast algorithm requires a priori
information about the desired FECG, namely, a suitable time delay at which
the autocorrelation of the FECG has a large absolute value, while those of
other source signals have very small value. However, in practice the extracted
FECG by this algorithm is often mixed with some noise, such as the mother’s
breathing artifact. What is more, it is sensitive to the estimation error of the
time delay. To overcome these drawbacks, we propose a class of algorithms,
which combines the Barros’s algorithm and Hyvärinen’s fixed-point algorithm
[10].

The rest of the letter is organized as follows. In section 2 we derive the Barros’s
algorithm [6] from a different perspective. Then we introduce the ICA model
and the fast fixed-point algorithm [10] in Section 3. In Section 4 we propose a
class of algorithms. Extensive simulations and experiments on real-world data
are carried out in Section 5, and conclusions are drawn in Section 6.

2 Maximization of autocorrelation at a specific time delay

Assume that the desired source signal si (in the case of the FECG extrac-
tion, si is the desired FECG) is temporally correlated, satisfying the following
relations for a specific time delay τ ∗:





E {si(k)si(k − τ ∗)} 6= 0

E {si(k)sj(k − τ ∗)} = 0

E {sj(k)sj(k − τ ∗)} = 0 ∀j 6= i,

(1)

where sj are other source signals, k is the time index and τ ∗ is an integer delay.
Ideally, under the condition ‖w‖ = 1, maximizing the objective function

J(w) = E{y(k)y(k − τ ∗)} (2)
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leads to the desired source signal. Here, y(k) = wTx(k), and x(k) are the
prewhitened sensor signals. When J(w) reaches its maximum, y(k) is the
desired signal. The reason for this proposal is that for the desired source
signal, this autocorrelation should have a large value, while for other source
signals this value should be very small.

By the standard gradient approach, we can derive the following algorithm: 1





w+ = (Rx(τ
∗) + Rx(τ

∗)T )w

w = w+/‖w+‖
(3)

where Rx(τ
∗) = E{x(k)x(k−τ ∗)T}. Note that the algorithm can be considered

an extension of the Barros’s algorithm [6], preserving all of the merits of the
latter. Most importantly, it is relatively insensitive to the estimation error of
the time delay τ ∗, in contrast to the Barros’s algorithm. However, in most
cases the assumption (1) is not strictly satisfied. In other words, although the
desired source signal si is strongly autocorrelated at the time delay τ ∗, it also
weakly correlates with some of the other source signals. What is more, some
other source signals may be autocorrelated at the time delay τ ∗, too. Therefore
the extracted signal is often mixed with some other source signals. Later we
will find ways to overcome these drawbacks.

3 The one-unit fixed-point algorithm

The basic ICA model can be summarized as follows: assume that there exist
mutually independent unknown sources sj (j = 1, · · · , N), and that each has
zero mean and unit variance. The sources are linearly mixed with an unknown
M ×N(M ≥ N) matrix A:

x = As, (4)

where s = [s1, s2, · · · , sN ]T and x = [x1, x2, · · · , xM ]T are respectively N -
dimensional sources and M -dimensional mixed signals. The basic goal is to
find an M ×N separating matrix W = [w1,w2, · · · ,wN ] without knowing the
mixing matrix A, such that

y = [y1, y2, · · · , yN ]T = WTx (5)

1 we will drop the index k from now on, and use it only when necessary to avoid
confusion.
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is the estimate of s to within the well-known permutation and scaling ambi-
guities [4,9].

To find one independent source signal y = wTx (w is any column of W,
and x are the prewhitened mixed signals), Hyvärinen and Oja [10] propose to
maximize the standard kurtosis

J(w, y) = κ4(y(w)) = E{(wTx)4} − 3[E{(wTx)2}]2, (6)

under the constraint ‖w‖ = 1. Based on (6), they obtain the following one-unit
fixed-point algorithm:





w+ = E{x(wTx)3} − 3w

w = w+/‖w+‖.
(7)

Applying a deflation technique [10,11] the above algorithm can extract the
subsequent source signals. It has many desirable properties. For example, its
convergence is cubic.

In a similar way, Cichocki and Amari [4] derive a modified fixed-point algo-
rithm for the generalized normalized kurtosis

κp,q(y(w)) =
1

p

(
E{|y|p}

Eq{|y|p/q} − cpq

)
, (8)

where cpq is a positive constant such that for the Gaussian distribution κp,q =
0. In the special case, for p = 4, q = 2, cpq = 3, applying the standard gradient
method to (8), one can obtain the following learning rule





w+ = E{y3x}
E{y4} −w

w = w+/‖w+‖.
(9)

The above algorithm is more robust to outliers and spiky noise than the orig-
inal fixed-point algorithm (7). And it can also be extended to the muli-unit
algorithm using the deflation method or other approaches [4,11].

By the algorithm (7) or (9), however, any source signal could be extracted
as the first one. So one cannot ensure that the first extracted signal is the
desired one. To solve this problem, in the next section we will propose a class
of algorithms, which combines the extension of the Barros’s algorithm (3) and
the fixed-point algorithm (7) or (9).
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4 The proposed algorithms

In order to extract the desired source signal, we propose to roughly divide
the extraction procedure into two stages. The first stage is a capture stage, in
which the desired source signal is coarsely extracted by the algorithm (3). But
the extracted signal is often mixed with noise (i.e., some other source signals),
just as we have mentioned. In the second stage, the noisy extracted signal is
processed as clearly as possible by the one-unit fixed-point algorithm (7) or
(9), based on the assumption that the desired source signal is independent of
the other source signals. Thus this stage, to some extent, can be regarded as
a fine extraction stage.

Following the idea above we propose to maximize the following objective

J1(w) =
1

4

(
E{y4} − 3[E{y2}]2

)
+ λE{y(k)y(k − τ ∗)}+ F (‖w‖2), (10)

which combines the objective function (2) and (6), or, to maximize

J2(w) =
1

4

(
E{|y|4}
E2{|y|2} − 3

)
+ λE{y(k)y(k − τ ∗)}+ F (‖w‖2), (11)

which combines the objective (2) and (8). λ is a nonnegative parameter whose
value is sufficiently large at the capture stage and sufficiently small at the fine
extraction stage. E{y(k)y(k − τ ∗)} is the autocorrelation (lies in the range
[−1, 1]) at the time delay τ ∗. F (·) is a penalty term due to the constraint
‖w‖ = 1.

From (10) and (11), we have

∂J1(w)

∂w
= E{x(wTx)3} − 3w + f(‖w‖2)w + λ(Rx(τ

∗) + Rx(τ
∗)T )w,(12)

∂J2(w)

∂w
=

E{y3x}
E{y4} −w + f(‖w‖2)w + λ(Rx(τ

∗) + Rx(τ
∗)T )w, (13)

where f(‖w‖2)w is the gradient of F (‖w‖2). Note that as long as F (‖w‖2) is
a function of ‖w‖2 only, its gradient has the form scalar×w. Similar to [10],
the fixed point w of the learning rule (10) is obtained by equating the change
in w to 0:





w(k + 1)+ = E{x(w(k)Tx)3} − 3w(k) + λ(Rx(τ
∗) + Rx(τ

∗)T )w(k)

w(k + 1) = w(k + 1)+/‖w(k + 1)+‖.
(14)
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Similarly, from (13) we obtain another learning rule as follows





w(k + 1)+ = E{y3x}
E{y4} −w(k) + λ(Rx(τ

∗) + Rx(τ
∗)T )w(k)

w(k + 1) = w(k + 1)+/‖w(k + 1)+‖,
(15)

which is expected to be robust to outliers. With regard to the value of λ, we
adopt the following form (but other strategies that follow the two-stage idea
are also feasible):

λ(k) =
λ0

k + 1
, (16)

where λ0 is a positive constant with a large value. In practice, we find λ0 =
50 ∼ 200 is good for successful extraction of the FECG.

On the other hand, for estimating the time delay τ ∗, there are several methods,
such as computing the autocorrelation of a sensor signal [6], and the heart in-
stantaneous frequency estimation technique [8]. In many applications the task
of estimating τ ∗ is not difficult, but the estimation error is often inevitable.
For many extraction algorithms based on time delays, such as the Barros’s
algorithm [6], their performance is greatly affected by the estimation error.
We will see, however, that the new algorithms (14) and (15) are robust to the
error as long as it is not too large.

5 Simulations and experiments on real-world data

To check the validity and good performance of the proposed algorithms, we
have performed extensive computer simulations and experiments on real-world
data. But due to limit of space, we only present several typical results.

In the first simulation, we generated five zero-mean and unit-variance source
signals, shown in Fig.1. Each signal had 2500 samples. They were, respectively,
a muscle artifact, a breathing artifact, a Gaussian signal, an MECG, and an
FECG whose period was 112 sampling period (i.e., τ ∗ = 112). These source
signals were randomly mixed. After prewhitening the mixed signals, we ran
the algorithms (14), (15) and the Barros’s extraction algorithm [6] (we called
it, for simplicity, autocorrelation maximization algorithm (AM algorithm)).
To compare the extraction performance, we adopted the following measure:

PI = −10E{lg(s(k)− s̃(k))2}, (dB) (17)
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Fig. 1. Five source signals. From the top down, they were respectively a muscle
artifact, a breathing artifact, a Gaussian signal, an MECG, and an FECG.

Table 1
The extraction performance indices averaged over 1000 independent tri-
als, measured by the equation (17).

Simulation One Simulation Two

Algorithm (14) 22.2 (dB) 17.4 (dB)

Algorithm (15) 20.1 (dB) 23.2 (dB)

AM algorithm [6] 7.0 (dB) 7.3 (dB)

where s(k) was the desired source signal (i.e., the FECG), and s̃(k) was the
extracted signal (both of them were normalized to be zero-mean and unit-
variance). The higher PI was, the better the performance was. The simulation
was independently repeated 1000 times, and the averaged performance indices
are shown in the second column of Table 1. It is clear to see that the AM
algorithm had poorest performance, due to the fact that the FECG extracted
by it was always mixed with some other source signals.

To investigate the robustness of the algorithm (15), we randomly added 25
outliers whose values were 10 in each source signal. Then the source signals
were randomly mixed, followed by prewhitening. Since the robust estimation
of the covariance matrix was a classic problem independent of the robustness
of the algorithms, we used in this simulation a hypothetical robust estimator
of covariance, which was simulated by estimating the covariance matrix from
the original source signals without outliers. Averaged extraction performance
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Fig. 2. ECG data measured from a pregnant woman.

indices over 1000 independent trials are given in the third column of Table
1. Obviously, the algorithm (15) outperformed the other two algorithms, as
expected, and again the AM algorithm performed poorly.

Next we used real-world ECG data to test our algorithms. The ECG data set
used in this experiment was distributed by De Moor [12], which was measured
from a pregnant woman (Fig.2). Sampling frequency was 250 Hz (Although in
De Moor’s homepage he claimed the sampling frequency was 500 Hz, Barros
et al. assured it was 250 Hz [6]). By carefully examining the autocorrelation of
the sensor signal x1, and using a priori knowledge that the fetal heart should
strike every 0.5 second or so, we found that a peak lay at τ ∗ = 112 sampling
period (i.e., 0.448 second) and believed it was just the time delay for extracting
the FECG. After prewhitening the sensor signals, we ran our algorithms (14),
(15) and the AM algorithm. Results are shown in Fig.3, which illustrates that
our algorithms greatly reduced the mother’s breathing artifact and obtained
clearer FECGs, compared with the AM algorithm.

To check that our algorithms were not sensitive to the estimation error of the
time delay τ ∗, we carried out another experiment. We intentionally set the
time delay τ ∗ = 114 (i.e., 0.456 second) for the three algorithms (Remember
the true time delay was τ ∗ = 112). Results are shown in Fig.4. One can deduce
that the estimation error of the time delay has little effect on the performance
of our algorithms, but badly affects the AM algorithm.
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Fig. 3. Comparison of the extracted FECGs when there was no estimation error of
the time delay. The top two FECGs were extracted by our algorithm (14) and (15),
respectively. The bottom one was extracted by the AM algorithm.
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Fig. 4. Comparison of the extracted FECGs when the estimation error of the time
delay was introduced. The top two FECGs were extracted by our algorithm (14)
and (15), respectively. The bottom one was extracted by the AM algorithm.
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6 Conclusions

This letter presents two algorithms to deal with the FECG extraction prob-
lem. They are based on the joint maximization of the (generalized) kurtosis
and autocorrelation (at a specific time delay) of the output signal. The ex-
traction procedure can be roughly divided into two stages. At the first stage,
the autocorrelation property of source signals is used to extract the desired
source signal. But in this stage the extracted one is often mixed with some
noise. At the second stage, the signal is processed as clearly as possible, based
on the fact that the desired source signal is independent of the noise.

The proposed algorithms have many advantages. First, their convergence is
fast (only 5-10 iterations are needed to achieve convergence). Second, the
two algorithms have high extraction performance. Furthermore, one of the
proposed algorithms is robust to the outliers and spiky noise. In addition, the
two algorithms are insensitive to the estimation error of the time delay as long
as the error is not too large. The effectiveness and good performance of the
proposed algorithms are confirmed by extensive simulations and experiments
on real-world ECG data.
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