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Abstract

Measures for sparse best—basis selection are analyzed and shown to fit into a general frame-
work based on majorization, Schur-concavity, and concavity. This framework facilitates the
analysis of algorithm performance and clarifies the relationships between existing proposed
concentration measures useful for sparse basis selection. It also allows one to define new
concentration measures, and several general classes of measures are proposed and analyzed
in this paper. Admissible measures are given by the Schur-concave functions, which are the
class of functions consistent with the so-called Lorentz ordering (a partial ordering on vectors
also known as majorization). In particular, concave functions form an important subclass of
the Schur-concave functions which attain their minima at sparse solutions to the best basis
selection problem. A general affine scaling optimization algorithm obtained from a special
factorization of the gradient function is developed and proved to converge to a sparse solution

for measures chosen from within this subclass.

Keywords: Best Basis Selection; Sparse Basis Selection; Sparsity; Sparsity Measures; Di-
versity Measures; Concave Minimization; Schur-Concavity; Affine Scaling Methods; Model

Reduction; Complexity Reduction.



1 INTRODUCTION

The problem of best basis selection has many important applications to signal representation
[19, 81], biomagnetic imaging [43, 36], speech coding [76], and function approximation [18,
61], among others [16, 44, 39, 54]. Of particular interest in this paper are approaches that

select basis vectors by minimizing concentration measures subject to the linear constraint
Az = b, (1)

where A is an m X n matrix formed using the vectors from an overdetermined dictionary of
basis vectors, m < n, and it is assumed that rank(A) = m [17, 1]. The system of equations (1)
has infinitely many solutions, and the solution set is a linear variety denoted by LV (A,b) =
zp + N(A), where x, is any particular solution to (1) and N (A) = Nullspace of A [49].
Constrained minimization of concentration measures results in sparse solutions consistent
with membership in LV (A,b). Sparse solutions refer to basic solutions, solutions with m
nonzero entries, and degenerate basic solutions, solutions with less than m nonzero entries
[29]. The degenerate basic solutions, if they exist, are more desirable from a concentration
objective. The nonzero entries of a sparse solution indicate the basis vectors (columns of A)
selected. Popular concentration measures used in this context are the Shannon Entropy, the

Gaussian Entropy, and the ¢(,<qy (p-norm-like) concentration measures, p < 1 [19, 81, 27, 69].

In our earlier paper [69], an affine scaling methodology was proposed to obtain sparse
solutions to (1) by minimizing the Gaussian entropy and the f(,<1) (p-norm-like) concen-
tration measures for p < 1 (including p negative). The resulting algorithms for the (<1
concentration measures generalize the FOCUSS (FOCal Underdetermined System Solver)
class of algorithms first developed in [36, 37]. It is also shown in [69] that the algorithm for
{(p—0) is well-defined in a certain sense and yields precisely the same algorithm and solution
as for the Gaussian entropy—a result that is consistent with the definition of the p = 0
case commonly considered in the literature on mathematical inequalities [38, 57, 9]. The
case p = 0 corresponds to using the numerosity measure proposed in [27] (see also [69]).
Interestingly, in [69] the algorithm corresponding to the Shannon entropy measure proposed
in [19, 81] was shown to not converge to a fully sparse solution, although an increase in
concentration was seen to occur. In this paper we carefully analyze these and other sparsity

measures and discuss desirable properties for good concentration measures to have.

Broadly speaking, the contributions of this paper are three-fold. First we discuss the
concepts of majorization, Schur-concavity, and concavity, and describe their relevance to
constructing measures of sparsity and diversity. Next, utilizing this framework, we gen-
eralize the concentration measures mentioned above by introducing the class of signomial

measures and the Renyi entropy, along with several useful variants. A detailed analysis of



these measures is conducted, ascertaining their suitability as concentration measures. Fi-
nally, using a special factorization of the gradient of the concentration measure, we develop
a class of convergent algorithms for sparse basis selection. Specifically, the affine scaling
methodology of [69] is shown to be extensible to deal with the broader classes of concen-
tration measures proposed herein, and a general convergence analysis is conducted. The
general classes of measures covered by the convergence analysis eliminates the need for a

convergence analysis on a case-by-case basis, as would otherwise be necessary.

The subject of concentration measures for best basis selection was first discussed in
[19, 81, 27]. In [81], the Shannon entropy and the <), 0 < p < 1, measures, both
evaluated on the “probability” Z = |z|?/||z||3 € R", are analyzed at length.! It is shown
that these functions are consistent with concentration as measured by the partial sums of
the decreasing rearrangement of the elements of . Ordering of vectors according to their
partial sums is known as majorization and many results relating majorization to functional
inequalities exist that can be exploited to more fully understand the relationship between

majorization and measures of concentration [38, 13, 9, 57, 53, 5, 65, 47].

Inspired by the insightful discussion given in Chapter 8 of [81], we have been motivated
to analyze and develop concentration measures from the perspective of majorization theory
and to consider measures drawn from the general class of Schur-concave functions, which
are precisely the functions consistent with the partial order induced by majorization. In this
paper, we argue that concentration measures should be drawn from the class of Schur-concave
functions [38, 53, 5] and, in particular, that good concentration measures are a subclass of
concave functions. We fully investigate the properties of functions drawn from this class,
with a special emphasis on the subclass of concave functions, and construct several general
classes of possible concentration measures taking as our point of departure the analysis begun

in [81].

There is a long history of exploiting the properties of majorization, Schur-concavity,
and concavity for obtaining good concentration measures in economics and social science
6, 75, 23, 74, 15, 30, 32, 58, 7|. Any measure of concentration is also a measure of equality
or diversity, so researchers looking for good measures of economic concentration or social
equality use many of the same mathematical constructs. Similar ideas have been used in
ecology [66, 67, 77, 64], physics [2], and computer science [26, 68, 62]. Recently, [46] has
discussed the utility of Schur-concave selection functionals (i.e., concentration measures) for
obtaining multiscale signal representations basis vectors. This rich vein of past and present
research is a good source for many ideas and possible concentration functions that can be

exploited to produce good sparse basis algorithms.

. 1 .
'We use the notation where |z|, 22, x2, x > 0, etc., are defined component-wise for z € R™.



Because we consider functions that are minimized in order to increase concentration (i.e.,
sparsity), as in much of the economics and ecology literature we refer to these functions as
diversity measures (i.e., we speak of minimizing diversity in order to increase concentration).
Since, as mentioned in the previous paragraph, a measure of concentration also provides a
measure of diversity, we can interchangeably refer to the sparsity measures discussed in this
paper either as concentration measure (consistent with earlier work such as [19, 81, 69]) or
as diversity functions, with the latter terminology being preferred and used predominantly

in the remainder of this paper.?

The availability of provably globally convergent algorithms for minimization of diversity
measures is limited. This is because the subject of optimization theory largely deals with the
minimization of convex or locally convex functions, whereas the cost functions considered
here are usually concave. The minimization of concave functions is well known to be difficult
because of the existence of multiple minima [73, 63, 42, 41, 12]. In our algorithmic study
we further explore the class of affine scaling methods developed in our earlier work [69],
and based on a particular factorization of the gradient function, which naturally extends
to the general classes of measures analyzed in this paper. The insights provided by the
majorization-based framework for diversity measures enables a convergence analysis that

includes a wide class of measures.

The outline of the paper is as follows. In Section 2 we discuss majorization, Schur-
concavity, concavity, and the properties of Schur-concave and concave functions. In Section 3
we develop and analyze a variety of diversity measures, including those described in [19, 81,
27, 69]. In Section 4 we present gradient factorization—-based Affine Scaling Transformation
(AST) algorithms guaranteed to locally minimize useful classes of diversity measures, and
thereby provide sparse solutions to the best basis selection problem. Conclusions are given

in Section 5.

2 THE MEASUREMENT OF DIVERSITY

In this section we first discuss majorization, a partial ordering on vectors. We then describe
the property of Schur-concavity as a reasonable necessary condition for a measure of diversity.
Finally, we discuss the class of separable concave functions and their importance as good
measures of diversity. This discussion, which covers important known results and provides
some new results (Theorems 3 and 8) and definitions (Definition 6), is motivated by two
factors. Firstly, these results are relevant to the development of the paper. Secondly, the

review provides an opportunity to highlight results that may not be well known to the signal

2Reference [27] refers to “measures of anti-sparsity.”



processing community, and which are useful in understanding the subject of sparsity and its
application to the basis selection problem. A detailed background on majorization and the

Lorentz order is readily available from references [53, 5, 4, 65, 47].

For this discussion, a basic familiarity with the concepts of convex sets and convex and
concave functions is assumed. The necessary background material can be found in one of
the many fine introductory expositions, including the references [73, 72, 65, 80]. In this
paper an overbar denotes absolute value, z = |z|, while a “tilde” denotes a function of x
specified by context: T = |z|, |z|*, |z|/||z|1, or |z|*/||z||3 . ||- |, denotes the standard p-norm,
|z||2 = i |x[P. The i"* component of a vector z is given by x[i] or, at times, z;, with a
particular choice made to improve readability of detailed equations. We will also denote the
k'™ vector in a sequence by x; the distinction between z;, as an element and z;, as a vector
should be clear from context. The bold-face vector e; denotes the canonical unit vector with
a 1 in the i*" position and zeros elsewhere. The bold-face vector 1 € R™ denotes the vector
with 1 in every position. Q; C R*, [ < --- < 2", denote the 2" orthants of R*. Q) is the
positive orthant with x € O iff x > 0, where the inequality is defined component-wise,

x[i] > 0. The function log(x) denotes the natural logarithm of .

2.1 Majorization and Schur-Concavity

To simplify the discussion, in this section we restrict our discussion to the positive orthant

Q, C R™. A preordering® on Q; is defined for z,y € Q; C R" by

k k n "
=y MDY wg <Dy, DT =) v (2)
i=1 i=1

i=1 i=1
where x|;) > --+ > x|, denotes the decreasing rearrangement* of the elements of . (E.g.,
Ty = max; xi], x|, = min; z[i], etc.) If x < y, we say that y majorizes x, or that z is

majorized by y. If, as in [81], we denote the sequence of partial sums in (2) as

k
Splk] =@y

i=1
then the basic definition (2) can be stated as follows.

Definition 1 (Majorization of x by y)
<y iff Sk] < Sylk], Sin]=Syn|. (3)

3A partial ordering on a space obeys the properties of reflexivity, transitivity, and antisymmetry [3]. A
preordering has only the properties of reflexivity and transitivity. A total ordering is a partial ordering for
which every element of the space can be ordered with respect to any other element. If we agree to identify
vectors modulo rearrangements of their elements, then majorization defines a partial ordering on Q;.

4Many authors use increasing rearrangements, =/l < ... < [l so some care in reading the literature
is required. Also the physics community reverses the symbol definition in (2) to read y < z, calling z “more
mixed” than y [2].



Frequently S,[n] is normalized to one, S,[n] = 1.

A plot of S;[k] versus k is known as a Lorentz curve [48], L., and = < y iff £, is
everywhere above the curve £, (Figure 1). When x < y, the curve £, graphically shows
greater equality, or diversity, for the values of the elements of x € Q; than is the case for
L,. The elements of y are more concentrated in value, or less diverse, than the elements of
x. In Figure 1, the curve Lg corresponds to the vector with maximum equality or diversity,
viz. the vector with all components having equal value, while the curve L; is the curve of
minimum diversity, or maximum concentration, associated with a vector having only one
nonzero element. This graphical representation explains why majorization is also known
as the Lorentz order. Lorentz curves that intersect correspond to vectors that cannot be

ordered by majorization.

Doubly stochastic matrices play an important role in majorization theory. A real n x n
matrix M is said to be doubly stochastic if all entries are nonnegative and each column and
each row sum to one. It is well known (Birkhoff’s Theorem) that every doubly stochastic
matrix M is the convex combination of permutation matrices P;, M = >, o, P;, >, = 1,
a; > 0 [13, 53, 2, 4]. Let = My for a doubly stochastic matrix M. Then z is a convex
sum of permutations (rearrangements) of y, so that x is seen to be a smoothed or averaged
version of y. The following theorem says that smoothing y in this manner results in greater

diversity in the sense of the Lorentz ordering.

Theorem 1 (Smoothing and Majorization [2, 4, 53]) Letz,y € Q;. Thenx <y iff v = My

for some doubly stochastic matriz M .

When z < y, we say that x is less concentrated (more diverse) than y or, equivalently, that

y is more concentrated (less diverse) than x.

It is natural to ask which functions from R™ to R preserve majorization. By definition,

these functions belong to the class of Schur-concave functions.

Definition 2 (Permutation Invariance) A function ¢(-) is called permutation invariant iff
it is invariant with respect to all permutations of its arqgument x, i.e. ¢(x) = ¢p(Px) for any

permutation matriz P.

Definition 3 (Schur-Concavity) A function ¢(-) : R® — R is said to be Schur-concave if
o(x) > ¢(y) whenever x <y, and strictly Schur-concave if in addition ¢(x) > ¢(y) when z

s not a permutation of .

A Schur-concave function must be invariant with respect to permutations of the elements of

the vector z.



A reasonable necessary condition for a function to be a good measure of diversity is
that it preserve the Lorentz ordering, i.e., be Schur-concave. Thus, the class of Schur-
concave functions are candidates for measures of diversity. Not surprisingly, Schur-concave
functions have been extensively studied as measures of economic equality/concentration
6, 75, 23, 74, 15, 30, 32, 58], ecological diversity [66, 67, 77, 64|, and ergodic mixing [2]. For
¢(+) Schur-concave, it is natural to consider z to be more diverse, or less concentrated, than
y if o(z) > ¢(y) [53, 64, 5, 58]. A reasonable approach to sparse basis selection might then
be based on minimizing diversity, as measured by a Schur-concave function ¢(+), subject to
the constraint (1).

The following two theorems are useful for identifying Schur-concave functions.

Theorem 2 (Derivative Test for Schur-Concavity [53, 5]) A function ¢(-) is Schur-concave

on Q1 iff it is permutation invariant and satisfies the Schur condition,

Furthermore, because of the assumed permutation invariance of ¢(x), one only need verify

(4) for a single set of specific values for the pair (i, 7).

We now extend this result to show that Schur-Concavity is preserved even when the variable
is normalized using the 1-norm. This will be found to be valuable when we examine different

variants of a diversity measure in Section 3.

Theorem 3 (1-Normalization Preserves Schur-Concavity) If ¢(-) is Schur-concave on the
interior of Qy, then the scale invariant function v defined by ¥(x) = ¢(x/||x||1) is also

Schur-concave on the interior of Q.

Proof. To prove Theorem 3, let & = z/||z||; and note that on the interior of Qy,

Op(x)  ~00(x)0z[k] 1 (00(F) (. 00(7)
3:li] ~ 2= B3l sl Tl (8@&1 2 7MW 0a?[k]> |
This follows from the fact that on the positive orthant, z € Q;,

oxk] 1 .

dali] ~ Tl ¢~ 7

Therefore on the interior of Q;,
, W (OU(@) o)\ . L [00(F)  06(%)
(el = ol () = Goed) = (ol - ali) (G - o)

Theorem 3 now follows directly from Theorem 2. n

We can ask if there are subclasses of the set of Schur-concave functions that have es-
pecially desirable properties as measures of diversity. In the next subsection we show that
concave functions provide a set of good concentration functions in that minimizing a concave

diversity measure is guaranteed to result in a sparse solution.

7



2.2 Concave Functions as Measures of Diversity

A subset C of R™ is said to be conver iff for all 0 < A < 1 and for all z,y € C one
has (1 — ANz + Ay € C. Note that every orthant, including the positive orthant Q, is
convex. A function ¢(-) : R® — R is concave on the convex subset C iff ¢((1 — X\)z + Ay) >
(1—=XN)é(z) + Ad(y) and strictly concave if strict inequality holds for A € (0,1) and x #y. A
function concave over C is continuous on the interior of C [72]. Recall that the function ¢(-) is
called permutation invariant if it is invariant with respect to permutations (rearrangements)
of its argument, i.e., if ¢(x) = ¢(Px) for all P = permutation matrix. The set C is said to

be permutation symmetric ift x € C implies Px € C for every permutation matrix P.

Theorem 4 (Permutation Invariant, Concave Functions are Schur-Concave [53, 2]) Let x,y
belong to a permutation symmetric, conver set C C R*. Then x < y iff ¢(x) > ¢(y) for all

permutation invariant and concave functions ¢(-) : C — R.

A particularly useful and tractable set of diversity measures is provided by the subclass

of separable concave functions.

Definition 4 A function ¢(-) : R® — R is separable if there exists a scalar function g(-) :
R — R such that ¢(z) = X g(x[i]).

Theorem 5 (Separable, Concave Functions are Schur-Concave [53, 2]) Let x,y belong to a
permutation symmetric, convex set C C R™. Then x <y iff X1 g(zli]) > X, g(y[i]) for

every concave function g : C — R.

Proof of Theorems 4 and 5 (Partial). Theorems 4 and 5 are proved by first noting that
the necessity of Theorem 4 implies the necessity of Theorem 5 while sufficiency of Theorem 5
implies sufficiency of Theorem 4, since a separable, concave function is permutation invariant
and concave. To show necessity of Theorem 4, let z < y and let ¢(-) be permutation invariant
and concave. Then, based on our discussion of the previous subsection, for some doubly
stochastic matrix M = >, \;F;, >2; A = 1, with A\; > 0 and each P; a permutation matrix,
we have ¢(z) = ¢(My) = ¢(Z; \MPy) > X \id(Py) = S Mid(y) = ¢(y). Sufficiency of
Theorem 5 is proved in references [53, 2]. n

The utility of certain concave measures of diversity for obtaining sparse solutions to the
best basis problem comes from their highly desirable property of attaining their minima on

the boundary of their convex domain of definition.

Theorem 6 (Optimality of Boundary Points) Let ¢(-) : C — R be strictly concave and
bounded from below on a closed convexr set C C R™. The function ¢(-) attains its local

minima (and hence its global minima) at boundary points of C.

8



Proof. If x* is assumed to yield a local minima in the interior of C, then there exist
interior points y, z arbitrarily close to * and A > 0 such that z* = (1 — \)y + Az yielding
o(z*) > (1 = N)d(y) + Ap(z) > min{o(y), ¢(z)}, contradicting the putative local optimality

of x*. Thus x* must be on the boundary of C. [

If C is closed and convex, its boundary contains the extreme points of C, which are those
points that cannot be written as a convex combination of any other points contained in C

[73]. The following theorem holds when ¢(-) is concave, but not necessarily strictly concave.

Theorem 7 (Optimality of Extreme Points [73, 72]) Let ¢(-) : C — R be concave on a closed
convez set C C R™ which contains no lines. If ¢(-) attains a global minimum somewhere on

C, it is also attained at an extreme point of C.

Theorems 4-7 show that permutation invariant concave diversity measures are Schur-
concave and that if the boundary points correspond to sparse solutions, then minimizing
such measures can yield sparse solutions to the best basis selection problem. This is indeed
possible by choosing a diversity measure from a proper subclass of functions which are also

sign nvariant.

Definition 5 (Sign Invariance) A function ¢(-) is said to be sign invariant if ¢(z) =
¢(z),Vo € R, where & = |z| € Q.

Recall that the concept of a basic solution to the system (1) was described earlier in the

introduction.

Theorem 8 (Global Optimality of a Basic Solution) Let ¢(-) : R* — R be permutation
mwvariant, sign ivariant, and concave on the positive orthant Q1. Then the global minimum

of ¢(x) subject to the linear constraints of (1) is attained at a basic solution.

Proof. Because ¢(z) is sign invariant and concave on Qy, it is concave on each of the orthants
Q;,1 <1 < 2" This does not mean however that ¢(z) is concave on R (cf. Figure 4).
Recalling that the solution set to (1) is the linear variety LV (A,b) = {y : Ay = b}, the
minimization of ¢(x) over LV (A, b) can be rewritten as

min $(z) = min ( min )gb(a:)) . (5)

LV(A,b) 1<i<2n \ QNLV (Ab

Since Q; N LV (A,b) is a convex set, and ¢(z) is concave on Q;, from theorem 7 the solution
to ming,nry(ap) ¢(x) is attained at a basic solution, or degenerate basic solution, or (1)
because the subset of the basic solutions/degenerate basic solutions are the extreme points
of QNLV(A,b). Therefore from (5), the global minimum is attained at a basic or degenerate

basic solution. Furthermore, the local minima are at basic or degenerate basic solutions. =



Theorems 4-8 show that the permutation and sign invariant concave functions are par-
ticularly good measures of diversity, if our intent is to obtain sparse solutions to (1) by
minimizing diversity measures. It is of interest, then, to be able to identify concave func-
tions. We state two theorems relating to concave functions which we have found useful in

this regard.

Theorem 9 (Derivative Test for Concavity [73, 72, 8, 50, 51]) Let C C R™ be an open
convez set and let ¢(-) : C — R be differentiable on C. Then ¢(-) is concave on C iff for any

z € C we have
V() (y —x) > ¢(z) — dly), VyeC. (6)

Furthermore ¢(-) is strictly concave iff the inequality is strict for every y # x.

Theorem 10 (Hessian Test for Concavity [73, 72, 8, 50, 51]) Let C C R™ be an open convex
set and let ¢(-) : C — R be twice differentiable on C. Let H(x) denote the Hessian matriz of
second partial derivatives of ¢(-) evaluated at the point x € C. The function ¢(-) is concave
on C iff for any x € C H(x) is negative semidefinite. Furthermore ¢(-) is strictly concave on
C if H(x) is negative definite for all x € C.

2.3 Almost Concave Functions

We will latter consider diversity measures that are globally Schur-concave, and hence preserve
the Lorentz order, on the n-dimensional positive orthant Q; C R", and which are concave
on a (possibly position dependent) (n — 1)-dimensional subspace in an open neighborhood
of every point in the interior of Q;. Given a randomly initialized recursive algorithm to
minimize such a measure subject to (1), for n > 2 the algorithm generically will converge to

a sparse solution located on the boundary of O;.

Definition 6 (Almost Concave Function) Let C C R™ be an open convez set and the func-
tion ¢(-) : C — R be Schur-concave on C. The function ¢(-) is said to be Almost Concave
(respectively, Almost Strictly Concave) on the interior of C if, for every point x in the in-
terior of C, in a open neighborhood of x it is concave (respectively, strictly concave) on an

(n — 1)-dimensional subspace with origin located at x.

If B(x) C C is an open ball centered at z € C and there exists an (n — 1)-dimensional
linear variety V, containing x for which either the derivative test (Theorem 9) or the Hessian
test (Theorem 10) holds for all y € B(z) NV, then ¢(-) is concave on B(x) N'V,. If this is
true for all z in the interior of C, then ¢(+) is almost concave on the interior of C. Obviously,
every concave function is almost concave. Also, note that an almost concave function must

be Schur-concave by definition.

10



3 SCALAR MEASURES OF DIVERSITY

A general diversity measure is denoted by d(-) : R® — R. The diversity measures considered
in this paper are assumed to be both permutation invariant and sign invariant (as defined in
Section 2). Note that the measures considered previously in [69]—the Shannon Entropy, the
Gaussian Entropy, and the /(,<;) concentration measure—satisfy this property. Motivated
by Theorems 4-8, in this section we examine the properties of Schur-concavity and concavity
on the positive orthant Q. Because of the assumed sign invariance, d(z) = d(|z|), Schur-
concavity or concavity (or lack thereof) over Q; corresponds to Schur-concavity or concavity
(or lack thereof) respectively over any other orthant Q;. Note, however, that this does not
guarantee Schur-concavity or concavity across orthants, and in general this property will not

be true.

3.1 Signomial Measures

In this subsection, we present a general class of separable concave (and hence Schur-concave)

functions that include as a special case the class of {(,<;) diversity measures defined by

n

dy(z) = sgn(p) 3 |ali]|”, p<1, (7)

=1

and described in [81, 27, 78, 69].°

3.1.1 S-functions

The generalization we are interested in is the subclass of signomials [10, 11] (also referred to

as generalized polynomials [28, 72| or algebraic functions [73]) given by the separable function

ase) = S S(al) = oy oy (0),
4y () = sgn(p»im[iuw, P <1,
S(s) = sgn(pi)wr s +--- +sgn(pg) we s, seR;, (8)

where p; < 1, p;#0, and w; >0,

or p; 0,1, and w;€R.

Note that, unlike a regular polynomial, S(s) has fractional and possibly negative powers,
p; < 1. A general signomial, unlike the subclass defined by (8), has no constraints on its
powers or coefficients. If the powers p, are also constrained to be positive, the coefficients in

(8) are all positive and dgg () is then a special case of a posynomial [28, 82, 10], a signomial

®As discussed later in this subsection, reference [81] first normalizes x to one in the 2-norm sense.
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constrained to have positive coefficients. With no loss of generality, in (8) we can take

>-;w; = 1. Henceforth, we will refer to functions of the form (8) as S-functions.

It is readily shown that dgg(z) has a diagonal, negative semidefinite Hessian for z € Q;.
Therefore, from Theorem 10 we know that dg.(x) is concave on the interior of the positive
orthant Q; C R™. Furthermore, if there exists j such that p; < 1, p; # 0, then the Hessian
is negative definite and dg.(x) is strictly concave on the interior of the positive orthant Q.
By construction, dg.(x) is separable. Thus dg,(z) is Schur-concave and can be designed to
be strictly concave, thereby insuring that a sparse solution can be obtained to the sparse
basis selection problem by searching for a minimum of the function dg4(z). Summarizing

our results, we have the following theorems.

Theorem 11 (S-Functions are Schur-Concave) Let x,y belong to a symmetric, convex set
C C Qy. Then x <y only if dsig(z) > dsg(y) for every S-function dgg : C — R.

Theorem 12 (S-Functions are Concave) FEvery S-function dgg is concave on the interior
of Q1. Furthermore, any S-function such that there exists j for which p; < 1, p; # 0, s

strictly concave on the interior of Q.

It can be shown that for p > 1, d,(z) of (7) is not Schur-concave and hence not concave.
Indeed, it is well known (and readily demonstrated) that d,(x) is conver over Q; (and a
metric for the space R™) for p > 1. Figure 2 shows graphs and contour plots of d,(z)
evaluated on the positive quandrant of R? for p = 1.0 and p = 0.1, values of p for which

d,(z) is a well-defined diversity measure.

3.1.2 1-Normalized S-functions

From the class of S-functions, one can define the 7-norm normalized S-functions by taking
A - -
dig(2) 2 dsig(7) . T = ||/ |2l

Note that dgilg) (x) is not separable. Of particular interest is the subclass of 1-normalized

p-norm-like diversity measures obtained from (7), d](}) (x) 2 d,(Z). Note that

q q
dsg (@) =Y w; dD(@) =Y w; dy (7)), @=2|/|lzll, p<1.
Jj=1 Jj=1

It is an immediate consequence of Theorem 3 that the 1-normalized S-functions are Schur-

concave on the interior of Qj:

Theorem 13 (1-Normalized S-Functions are Schur-Concave) Let x,y belong to a permu-

tation symmetric, conver set C C Q1. Then x < y only if déllg)(x) > dgg(y) for every
I-normalized S-function dgilé :C—R.
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A closer examination of the 1-normalized S-functions reveal that a stronger result is

possible. They can be shown to be almost concave.

Theorem 14 (1-Normalized S-Functions are Almost Concave) The 1-normalized S-function

déllg)( ) = dsig(Z), T = |z|/||z|l1, is Almost Concave on the interior of Qy. If in addition

pj <1 for at least one pj, then dSIg( x) is Almost Strictly Concave on the interior of Q;.
Proof. From Theorem 10, the function dSIg)( ) is concave on Q; iff the Hessian Hélg)( ) is
negative semidefinite on Q,, where

0? -
8 2 51g lej|w] H(l Z|p]|w] )a T =

2]

11

Hyg (@) =

sig T € Ql'

The Hessian Hélg)( ) will be negative semideﬁnite if Hg) (x), the Hessian of dg) (x), is negative

semidefinite on Q; for each j. Furthermore, d'. )(2) is strictly concave if in addition Hg)(x)

sig
is negative definite for at least one j. It is shown in the appendix that the Hessian Hél)(x)

for x € O, is given by
H](Dl)(x) - axQ dp (z) (9)

- Z{ b (e +1el) + =L eel — (1+9) []pllT}

HwH a[i]?

Let 1+ C R” be the n — 1 dimensional subspace of vectors perpendicular to the vector 1. It

is straightforward to show that yTHzgl)(x)y < 0, for all nonzero y € 1+ C R” and all z in the
interior of Q; when p < 1, with yTHI(JI)(m)y < 0 for p < 1, proving the theorem. A key factor
that makes this manipulation possible is the structured form in which the Hessian has been

expressed. The details of the proof are given in the appendix. [

3.1.3 2-Normalized S-functions

As proposed in [81], one can also form the 2-norm normalized p-norm-like diversity measures
obtained from (7),

N -
AP (@) Sdy(3), &= [2/ |l
The measures d;g?)(x) are a special case of the 2-normalized S-functions formed from the class

of S-functions by taking
2 A -
d%) () £ dyg z%w Zw] (&), &= |z?/]z|2.

Compared to the 1-Normalized S-Functions, a greater restriction on the range of p has
to be placed the 2-Normalized S-Functions if Schur-concavity is to be preserved. It is found

1 . .
that p < 3 leads to desirable properties.
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Theorem 15 (2-Normalized S-Functions are Schur-Concave for p < %) Let x,y belong to
a symmetric, convex set C C Qp. Then x < y implies that d51g (x) > dgsg(y) for every 2-
: C — R with p < 1/2. Furthermore, for p > % e )( ) is not

normalized S-function d? 55 Osig

sig
Schur-concave (and, therefore, not concave) over the interior of Q;.

Proof. Because d31g< r) =35, wjdg)(:v), it is enough to show that the theorem is true for
the simpler case of déz)(:r). This is done by making use of Theorem 2 and equation (4). The

details are given in the appendix. m

Actually, for p < 1/2, even more can be said:

Theorem 16 (2-Normalized S-Functions are Almost Strictly Concave for p < %) Letp; < %
for every p; in (8). Then the 2-normalized S-function dSIg( r) = dge(Z), T = |z|*/||x]3, is

Almost Strictly Concave on the interior of Q.

Proof. The function dblg(x) is strictly concave on Q; iff the Hessian Hblg(x) is negative

definite on Qq, where

32 q |z |2

H(?) . 7=
Slg(‘r) a 2 Slg Z ‘pj| w] x) z HJ:H

Hé?g (x) is negative definite if H 3 (x) is negative definite on Q; for every j. It is shown in

the appendix that the Hessian sz (x) over Q; C R" is given by

2 62 2
HP () = 9.2 P ()
2lpl - { ?{’ (ei® +atel) (10)
BEE=ACTER

1-2 1
+ <7~ P ]df)(a:)o e;e] —27[i]" (1+p) 5:532%} :

Z[a)tr
The remainder of the proof is very similar to that of Theorem 14. It is based on the readily
verified fact that for each z in the interior of Q; the matrix Hz(?)(x) is negative definite on
the (n — 1)—dimensional subspace of R" perpendicular to the vector 72, Again, the form in
which the Hessian is expressed plays an important role in reducing the complexity of the

proof. The details of the proof are given in the appendix. [

3.2 Entropy Measures

There has been a large interest in utilizing entropy measures as measures of diversity or
concentration in biology, economics, computer science, and physics [79, 40, 67, 2, 31, 22, 68]
as well as for sparse basis selection [19, 81, 27, 78, 69]. Here, we discuss some of these
measures at length and show the close relationship between the entropy measures and the

p-norm-like measures discussed in the previous subsection.
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3.2.1 Gaussian Entropy

References [81, 78] propose the use of the “logarithm of energy” function
Hg(x) =) log |«[i]|” (11)
i=1

as a measure of concentration. Reference [81] points out that this can be interpreted as
the Shannon entropy of a Gauss-Markov process [21]; for this reason in this paper, and in

reference [69], we refer to (11) as the Gaussian entropy measure of diversity.

Note that Hg is separable. It is straightforward to demonstrate that the Hessian of H is
everywhere positive definite on the positive orthant Q;, showing that Hg is strictly concave
on the interior of Q; and hence Schur-concave. The Gaussian entropy is therefore a good
measure of concentration and we expect that minimizing Hg will result in sparse solutions

to the best basis selection problem.

In [69], an algorithm is presented to minimize Hq that indeed shows very good perfor-
mance in obtaining sparse solutions. It is also shown that the algorithm to minimize Hq
is the same as the algorithm that minimizes (7) for p = 0 and can therefore be given the
interpretation of optimizing the numerosity (p = 0) measure described by [27]. The interpre-
tation of Hg as a p = 0 measure follows naturally from the literature on inequalities where
Exp(Hg)= (I1; |z[i]|)? is shown to be intimately related to the p = 0 norm (e.g., see [9], page
16; reference [57], page 74; or [38] page 15). In fact,

B =

EXp(%Hg(x)) — lim <1dp(:c)) . (12)

p—0\n
3.2.2 Shannon Entropy

References [19, 81, 27] have proposed the use of the Shannon entropy function as a measure
of diversity appropriate for sparse basis selection. This entropy has also long been used by

economists and ecologists as a measure of concentration and diversity [79, 40, 67, 2, 31, 22].

Given a probability distribution, the Shannon entropy is well defined. However starting
from z, there is some freedom in how one precisely defines this measure. Defining the

Shannon entropy function Hg(Z) for £ = &(z) by

Hg(i) = —if[z] log#li], >0, (13)

i=1
the differences arise in how one defines ¥ as a function of x. These differences affect the
properties of Hg as a function of x. It is well known that Hg(Z) defined as a function
of & by (13) is Schur-concave [53, 81]. However it is generally not the case that Hg(z) is

Schur-concave with respect to z [53].

15



Shannon Entropy H2(x). This corresponds to the choice Z[i] = |z[i]|. It can be readily
shown that H&* is Schur-concave with respect to x over Q;. Even more, it can be shown by
an application of Theorem 10 that H2" is strictly concave on the interior of Q;. Thus HZ*
is a good measure of diversity and minimizing H%* should result in sparse solutions to the

best basis problem.

2-Normalized Shannon Entropy H{?(z). This corresponds to the choice Z[i] = 2lil”

RE

in (13) [81]. In reference [69] it is argued that the minima of H é?) do not correspond to

completely sparse solutions to Az = b, and this was demonstrated via simulation. This
fact can now be verified utilizing the insights provided by the theory of majorization and
Schur-concavity. By a straightforward (but tedious) application of Theorem 2, one can show
that the separable function H g) is not Schur-concave with respect to x over the positive
orthant Q;, and therefore from Theorem 5 is not concave over the interior of Q;. The lack
of Schur-concavity for H g) is also shown below in the discussion of the Renyi entropy-based
sparsity measures. Thus minimizing H éQ) with respect to x will not generally yield a sparse

solution.

This can be seen graphically in Figure 3 where the value of H 52) (x) is represented in the
positive orthant of R? by its height above the positive simplex along the ray from the origin
through x. Because of the 2-normalization, all other vectors x on this ray have the same
value. In Figure 3, it is evident that the minima of H éZ) occur just shy of the boundaries
defined by the coordinate axes (where the sparse solutions reside). This explains why in [69]

concentrated, but not completely sparse, solutions were obtained.

1-Normalized Shannon Entropy H(")(z). This corresponds to the choice #[i] = 2Ll

Applying Theorem 2 it can be shown that H él) is Schur-concave over Q7. Alternatively, use
of Theorem 3 shows that H f;) is Schur-concave. Because of the complexity of the Hessian of
H él), it is difficult to directly ascertain if H él) is concave. However, below in the discussion
of the Renyi entropy-based measures we show that H él) is almost concave (but perhaps not
strictly almost concave) over the interior of Q. Figure 4 graphically represents H él) in the
positive orthant of R? by its height above the positive simplex along the ray from the origin
through x. Because of the 1-normalization, all other vectors x on this ray have the same

value.
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3.2.3 Renyi Entropy

A family of entropies, parameterized by p, is described in [70, 71, 45]. These Renyi entropies®
include, as a special case, the Shannon entropy. Given a “probability” z, Z[i] > 0, >, Z[i] = 1,

the Renyi entropy is defined for 0 < p by

1
I—p

1

Hy(z) = 1—p

log zn: z[i]P = logd,(z), (14)

where

H\(%) = lim H,(7) = — > ilogi = Hg(T).
L i=1

Thus H,(Z) is the Shannon entropy of Z. Because log is monotonic, we see that for purposes

of optimization H,(Z) is equivalent to the p-norm like measure d,(Z). Thus, consistent with

the discussion given in [27], one can also reasonably refer to the normalized p-norm-like

measures {,<1 as entropies.

We now see that the p-norm-like, p > 0, and the Shannon entropy measures are not
unrelated, but are different manifestations of the Renyi entropy measures. As in the case
of Shannon Entropy, different diversity measures can be obtained depending on how 7 is

defined as a function of z.

1-Normalized Renyi Entropy. Let & = /|2, and d,(&) = d{(z) be the 1-normalized
p-norm-like measure discussed in Section 3.1. The I-Normalized Renyi entropy, parameter-
ized by 0 < p <1, is defined by

1
1 _ 1
HWY(z) = 1_plogd1(0)(:c). (15)
One can readily show that Hzgl)(x) for 0 < p < 1 is almost strictly concave as a consequence
of the almost strict concavity of dl(})(x) for 0 < p <1 (Theorem 14) and the fact that log is

an increasing concave function.

In the limit p — 1, H{"(x) is the 1-norm Shannon entropy evaluated for & = z/||z||,
Hl(l)(:p) = Hél)(x). If we let p — 1 from below, p < 1, then Hzgl)(x) is almost concave for all
p as we take the limit showing, as claimed earlier, that H fgl)(x) = lim,_;- H{"(x) is almost

concave.

From (15) and the fact that the measures d{"(z) form a subclass of the measures

déilg) (x), the 1-Normalized S-class of functions dgllé(x) can be viewed as a generalization of

6The Renyi entropy parameter is commonly denoted by a. Thus, this entropy is also referred to as the
a-entropy.
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the 1-normalized Renyi entropies H[(,l)(x). With this insight, let us define a generalized

1-normalized Renyi entropy function by

1 1)
= logd)(z) = log >~ w; , (16)
q— ?:127]' & Z] 1Dj 321 ’
where ¢, 0 < p; <1 and 0 < w; are defined in (8) and >°;w; = 1. Note that (16) includes
(15) as a special case and that, as defined, Hsig) (x) is less general than dSlg( x) of (8) because
of the restriction to positive p;. As a consequence of Theorem 14 and the fact that log is an

increasing concave function, it is straightforward to show that H ( )( ) is almost concave on

sig
Q1.

2-Normalized Renyi Entropy. Here we take & = |z|?/||z||3. Then d,(z) = d{? () is the
2-normalized p-norm-like measure discussed in Section 3.1. The 2-normalized Renyi entropy,

parameterized by 0 < p < %, is defined by

1
H®(z) = — log dz(f) (x). (17)

It is straightforward to show that H;SQ) (x) is almost strictly concave for 0 < p < % and almost

concave for p = £ as a consequence of the concavity of d'?(z) for 0 < p < 1 (Theorem 16)

and the fact that log is an increasing concave function.

Because d{P) (z) is not Schur-concave for p > 1, H{*(z) is not Schur-concave (and hence
not concave) for p > =. Note that in the limit p — 1, Hf)(x) is the 2-norm Shannon entropy
evaluated for & = |:c| )2, H?(z) = HY, showing that HS is not Schur-concave, and

hence not concave, as claimed earlier.

From (17) and the fact that the measures d2( ) form a subclass of the measures

dgfg( ), the 2-normalized S-class of functions délg( ) can be viewed as a generalization of

the 2-normalized Renyi entropies H1§2)(:U). One can then reasonably define a generalized

2-normalized Renyi entropy function by

1

2

Hs(lg)( ) = mlogdSlg( x) = = o long] : (18)
J J ] J

where ¢, 0 < p; < 3 and 0 < w; are defined in (8) and Y, w; = 1.

3.3 Other Measures

One can proceed to provide a systematic development and analysis of a variety of possible

diversity measures and their appropriateness in specific application domains. For example,
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for a general unnormalized positive vector x € Oy, one could explore the possible use of the

generalized Renyi entropy [70, 71],

1 )P
H,(z) = log{ =l xm } , >0,
l—p i z[1]
and its connection to the p-norm-like diversity measure (7). Other possible entropies that

can be analyzed include the Daroczy, Quadratic, and R-norm entropies [45].

More generally, by utilizing the tools and insights provided by majorization theory, one
can systematically develop a variety of diversity measures. Toward this end, reference [53]
has a wealth of results regarding tests for, and classes of, Schur-concave functions, and an
examination of possible diversity measures, and their properties, can be found in references
[30, 64, 32, 26]. As one last example of a possible extension, we mention the multinomial-like
class of functions generated by the symmetric sums of product terms like x[iq|Pi1 - - - z[i;]P,

l=1,---,n [53]. The measures presented in Section 3.1 correspond to the case [ = 1.

4 ALGORITHMS FOR SPARSE BASIS SELECTION

Now we discuss some algorithms for minimizing the diversity measures presented in the
previous section. The choice of provably well-behaved algorithms is limited because the
diversity measures we are considering are concave, and therefore generally have many local
minima on their boundaries [73, 63, 42, 41, 12]. A brute force exhaustive search of the
extreme points is not practical because of their large number, namely (%), as soon as the
dimension of z becomes reasonably large, although branch-and-bound search methods might
be applicable in this regard [59, 56, 34].

To minimize the general classes of concave diversity measures developed in this paper, we
will extend the affine scaling methodology described in [69] and develop iterative algorithms
which converge to a basic or degenerate basic solution of (1). Toward this end, for each
possible diversity measure d(x), we will first need to define an associated scaling matrix
which naturally arises in this formulation, and identify its properties. Then the affine scaling-
related optimization methodology of [69] can be used to develop algorithms for minimizing

the diversity measure.

Convergence of these algorithms is established under various sets of assumptions, first
starting from minimization of general concave diversity measures on Q;, with relatively
severe restrictions on the algorithms, and ending with the minimization of concave diversity
measures having positive definitive scaling matrices, which allows minimal restrictions on

the algorithm.
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4.1 Gradient Factorization and The Scaling Matrix [I(x)

In the algorithms to be developed next, an expression for the gradient of the diversity measure
d(x) with respect to x is required. The following factorization of the gradient turns out to

be essential for the development of the algorithms of this paper,
Vd(z) = a(x)Il(z)z, (19)

where a(x) is a positive scalar function, and I1(z) is the Scaling Matriz, which in this paper
is always chosen to be diagonal. The scaling matrices for the different diversity measures
described in the previous section play an important role and are tabulated in Table 1, along

with their properties. The derivation of these scaling matrices is described in the appendix.

An important distinction amongst the diversity measures from an algorithmic point of
view is whether their scaling matrix is positive definite or not. For diversity measures
with positive definite scaling matrices, we have been able to develop simpler convergent
algorithms. An examination of Table 1 shows that this includes the large class of measures

provided by the signomial functions, dgg(x).

Notice, however, that the diversity measures with scale invariance have scaling matri-
ces that are not positive definite. For scale invariant diversity measures we have d(z) =
d(yz) , Vv € R, showing that the projection of the gradient Vd(z) along the direction z

must be zero, 27 Vd(z) = a(z)z"TI(z)z = 0, which we summarize as
d(r)=d(yz), ¥VyeR = z'H(z)r=0. (20)

Under the assumption that II(x) is diagonal, the property (20) implies that the nonzero
diagonal elements must change sign and consequently that I1(z) is indefinite. Scale invariant
measures described in this paper are the 1-normalized and 2-normalized S-functions and

Renyi entropies.

4.2 A Generalized Affine Scaling Algorithm

Constrained Optimization. The affine scaling methodology developed in [69] is readily
adapted to address the minimization of the more general diversity measures developed in

this paper. This algorithm attempts to solve the optimization problem,
min d(x) subject to Ax=1b. (21)
The standard method of Lagrange multipliers is used, where the Lagrangian is given by

L(z,\) = d(z) + \T(Az — b) | (22)
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and A is the m x 1 vector of Lagrange multipliers. A necessary condition for a minimizing

solution x* to exist is that (z*, \*) be stationary points of the Lagrangian function, i.e.

V.L(xz*, \*) = Vd(z*)+ ATA\* =0

ViL(z* \*) = Az* —b=0. (23)

Using the factored form of the gradient given in (19), after some manipulation the stationary

point z* can be shown to satisfy

ot = I (z*) AT (AIT (2*) AT) 0. (24)

An Iterative Algorithm. The necessary condition (24) naturally suggests an iterative

algorithm of the form,
ey = 117 () AT (AT (2) A7) 710 (25)

This algorithm has desirable properties when the scaling matrix [7(z) is positive definite.
As shown in [69], and discussed below, when [I(x) is positive definite it can be used to
naturally define an Affine Scaling Transformation (AST) matrix, W (z) = II"2(z) > 0,
and thereby establish a strong connection to affine scaling methods used in optimization
theory [24, 29, 60]. Hence the use of the terminology “Affine Scaling” in connection with
the algorithms developed here and in [69].

The algorithm developed in [69] has an interesting interpretation as an extension of the
standard affine scaling methodology which arises because in general I1(x) is not always posi-
tive definite. In such cases a simple generalization will often still yield a provably convergent

algorithm. This is achieved by defining an intermediate variable xj, which is given by
zh oy = I (o) AT (AT (24) AT) 0. (26)

Note that a7, , is feasible. Assuming that xy is also feasible (i.e. Azj, = b), then the increment
xj, — oy, is in the nullspace of A, and provides a direction along which d(x) can be decreased

while maintaining the equality constraints.

The value of x in the next iteration is computed as
Tkl = T + f(Thyq — Tn) = pk Ty + (1 — p) e, (27)
where the step size py is chosen to ensure that
V()" (w11 — x1) <0, (28)

along with a decrease in the diversity measure, d(zj+1) < d(zx). Note that the choice of

pr = 1 yields the original, simpler algorithm (25).
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An AST Interpretation. As discussed in [69], when the diagonal matrix I7(x) is positive
definite, the algorithm (25) has an interpretation as an Affine Scaling Transformation algo-
rithm [24, 29]. Specifically, if we construct a symmetric affine scaling transformation (AST)
W(x) by

W) S 11 (2), (29)

we can then form Wy, and, following the AST methodology [24, 29], the scaled quantities
q and Ayyq by
Wipr=W(zr), z=Winqg, App =AWk,

assuming we have at hand a current estimated feasible solution, z (corresponding to the
scaled quantity gz = W, ,2x), to the problem (21). We then consider the optimization

problem (21) in terms of the scaled variable g,
min d+1(q) = d(Wii1q) subject to Agg=10.

Treating ¢, as the current estimate of the solution to this optimization problem we can obtain
an updated estimated by projecting the gradient of dj1(gx) onto the nullspace of Ay and
moving in this direction an amount proportional to a stepsize given by 1/a(xy). This yields
the algorithm

_ A+ _
Qi1 = Apb, e = WiaGrgr

with A;7,; the Moore-Penrose pseudoinverse of A, which is equivalent to (25). It is common

in the affine scaling approach to use the specific AST W (z) given by

W(x) = diag (ﬁ) |

which corresponds in (29) to defining W (z) in terms of II(xz) = Il,(x), with II,(x) given
in Table 1, for p = 0. In contrast, the algorithm (25) corresponds to a “natural” choice of

W (z) dictated by the particular choice of the sparsity measure d(z).

Convergence and Numerical Issues. The algorithm (26)—(27) can be also interpreted
as a Lagrange Multiplier Update method ([50], page 436), as a Gradient Projection method
[50, 14], as a Successive Approximate Lagrangian method [35], and as a Frank-Wolfe method”
[33]. Independently of how it is derived or interpreted, convergence of the algorithm can be
shown for specific classes of diversity measures, d(z), using the general convergence theorems
of Zangwill, and their variants [82, 8, 50, 55].

A key issue is the choice of the sign and magnitude of the scalar stepsize parameter py in

(27). The stepsize is chosen to obtain the inequality in (28), to ensure that d(zg11) < d(z)

TAlso known as the conditional gradient method [14] or as a linear approximation method [82].
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for xx, 1 # xk, and, if necessary, to ensure that xp,; remains in the same orthant as xy
(which, without loss of generality, is taken to be the positive orthant Q). The condition
d(xry1) < d(zp) ensures that the algorithm results in a strict decrease of d(xj) at each
iteration, resulting in convergence to a stationary point, z*, of d(z) in the linear variety
LV(A,b) (i.e., to a stationary point of (22)) satisfying condition (24). Such points must be
either saddlepoints or local minima of d(z) in LV (A,b) and will be local minima if d(x) is
strictly concave, in which case the local minimum z* must be on the boundary of a quadrant

Q,, ensuring a sparse solution.

Note the requirement in (26) that I1(xy) be invertible for every possible x;. For the
diversity measures discussed in this paper, this is either true or generically true (i.e., true
except for a set of Lebesgue measure zero). In the latter case, for increased numerical

robustness one may chose to numerically solve the system (cf. (23)),

II(xy) AT Ti | |0
[ Ao x| Tl (30)
This system has the solution z,,, = —IT () ATN ;, Ny = —(AIT ' (z),) AT)~'b, which

corresponds to (25). A} ; can be interpreted as an estimate for the Lagrange multiplier of

the Lagrangian (22).

With this background, we can now proceed to the development of convergent algorithms.
In subsection 4.3 we discuss the algorithm (27) applied to permutation invariant concave
diversity measures with domain restricted to the positive orthant. Conditions on the stepsize
parameter i are given to ensure convergence of the algorithm. In subsection 4.4 we consider
permutation and sign invariant diversity measures. In this case the restriction to the positive
orthant can be removed, slightly relaxing the conditions on py. The special case of sign and
permutation invariant concave diversity measures with positive definite scaling matrix II(x)
is discussed in subsection 4.5. For this case, the simple choice of u;, = 1 for the stepsize

parameter (resulting in the use of the simpler algorithm (25)) results in convergence over R".

4.3 Concave Diversity Minimization on the Positive Orthant

Assume that the diversity measure d(z) is permutation invariant and concave on the positive
orthant @; C R™, and is otherwise arbitrary. Then from (6) and (19) we have

(y — 22)"Vd(zr) = aler)(y — o) T (ze)ze > d(y) — d(zx) (31)
for all y, x, € Qy, where a(xy) > 0. If y = x,41 € Qp then (31) and condition (28) yield

Tht1 # Ty = d($k+1) < d(&?k) . (32)
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[terating in this manner will result in convergence to a local minimum d(z*), where z* € Q;

satisfies the first order necessary condition (24).

Suppose that y = 41 € Qy with zy4; determined by (27). Then (31) and condition
(28) yield

0> ai I (wx) (w1 — wr) = pnay 1 (2r) (@hyy — @) = d(@re) — d(z) (33)
when zy11 # . To ensure that conditions (28) and (33) hold we choose py such that
sgn () = sgnlzy [ (xp) (v, — 2j4)] and 2 = @ + pu(thy — 2x) € Q. (34)

Then the iterates x; will converge to yield a local minimum of d(x) over the convex set
LV (A, b)N Q. If d(x) is assumed strictly concave, the minimum is a boundary point of this
set yielding a sparse solution. The diagonal structure of the scaling matrix allows the sign

of ur to be determined using only order n operations.

4.4 General Concave Sparsity Minimization

The diversity measures considered in this paper are sign invariant. As a consequence, the
requirement of concavity over the positive orthant guarantees concavity over any fixed or-
thant of R™. However, generally such a measure is not concave across orthants. Therefore,
because x,1 generated by (25) may be in a different orthant from zj, we cannot guarantee
that at each iteration of (25) we can directly invoke the condition (6) to obtain the crucial
inequality (31) used in the proof of the previous subsection. However, we can still apply (6)
to d(-) viewed as a function of |z;| when d(-) is additionally assumed to be sign invariant.

This is what we now exploit to generalize the algorithm.

4.4.1 Preliminaries

The sign invariance and concavity properties of d(z) on Q; are exploited to select the step size
in (27) and develop convergent algorithms. In order to do this, we establish a correspondence
between x in any quadrant and its corresponding absolute value vector 2 |z| € Q; . Defining

the symmetric sign matriz, S(x), by

S(x) £ diag (sgn(x[i])) , (35)

we note that 7 = |z| = S(z)z, z = S(z)z = S(z)|z|, S*(z) = I, S~'(z) = S(x), and
S(x)I(x) = I (x)S(x), assuming that [1(z) is diagonal.

Now note that

dd(x)  o0zli]od(z) son(zli ad(z)
e~ o] oz~ 2l Sz
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and therefore,
1 dd(x) 1
o ozl 2l O« ozl 7l
where a = a(z) = «(Z) > 0 is chosen to simplify the quantities
Alod(z) 1 10d(z) 1 Ao
mi(®) =3 ozli] zli] o 0z[i] 7[i] = mil@). (36)

The diagonal scaling matrix of (19) is defined by IT(z) = diag(m;(x)). Note that

1 0d(z) 1

Vd(z) = S(z)Vzd(z) = a(x)II(z)x
Vid(z) = «(2)II(2)Z = ax)Il(x)T (37)
a(z) = a(x) >0
_ g 1 od(z)\ " 0d(x) Iz
tte) =i (o) = 9 (e aag) = 7

4.4.2 A Convergent Algorithm

Assume that the permutation and sign invariant function d(x) = d(z), z = |z|, is concave

over Q. Then properties (6) and (37) yield the relationship

a(zy) T 1 (Zx) (Tear — k) = Vag(@r)" (Tesr — Tn) (38)
> d(Tpy1) — d(T) = d(Tpg1) — d(24)

with Z = |z| and 441 given by (27). Note that the condition Zf IT(Z)(Zrs1 — Tx) < O for
ZTry1 7# Ty is sufficient to guarantee convergence. To ensure that this occurs, we choose the

stepsize py in (27) as follows:

=1
loop 7 >0
If ffﬂ(ik)(ikﬂ — Ek) <0, exit; (39)
If jeven pp:=—pup, else pug:= %;
end;

Lt 11 1 11
2204 40 88
the same orthant (which eventually will be true once || becomes small enough), we have

This results in the sequence p, = 1, —1, --. Note that for x; and xp,; in

Ty I (2y) (Tpgn — Tx) = a1 (w3) (Thsr — 21) -

Therefore, the loop (39) is guaranteed to terminate after a finite number of iterations as a
consequence of the discussion given above in Subsection 4.3. Note that, unlike the algorithm
in Subsection 4.3, we do not have to guarantee that x; and xy,; are always in the same

orthant in order for the test (39) to make sense.
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4.4.3 Scale Invariant Measures

As discussed earlier, scale invariant measures must satisfy the property (20). Scale invariant
diversity measures presented in this paper include the 1- and 2-normalized Renyi Entropies
and S-functions. The 1-Norm Renyi Entropy and S-Functions have been shown to be Schur-
concave for p < 1 and almost strictly concave for 0 < p < 1. They are not Schur-concave
(and hence not concave) for p > 1. The 2-Norm Renyi Entropy and S-Functions are almost

strictly concave (and hence Schur-concave) for p < % They are not Schur-concave for p > %

As a consequence of property (20), the test (39) can be slightly simplified to the require-
ment that
T (T4)Tpir <0, (40)

which will be true if z,., is not parallel to ;. If Zy,, is parallel to z, then because of the
assumed scale invariance of d(z) the algorithm has converged. In this case, Z} I1(Zy)T1 = 0

and the algorithm terminates.

4.5 Concave Diversity Minimization, I7(z) > 0

In this subsection we add the additional constraint that a sign and permutation invariant
concave diversity measure d(z) now have a positive definite scaling matrix, I7(x) > 0 for
all x € R*. With this condition, we have our strongest results and can show that we can
remove the requirement that z, be constrained to a single orthant and the need to compute
a value for uy. Specifically, it is shown that the simple choice u, = 1, corresponding to the

algorithm (25), will yield a convergent algorithm.

Interestingly, this constraint does not appear to be overly restrictive and it admits the
important class of S-Functions described in Section 3.1. This is a large class of sparsity
measures which satisfy the conditions of Theorem 17 and also contains the p-norm-like,
p < 1, concave sparsity measures. The general scaling matrix for this class, I, (), is given
in Table 1. Note that IIe(z) is positive definite for all z and has a well defined inverse

everywhere. I1.}(x) is diagonal with the %" diagonal element given by

sig
i
e S (41)
(Ip1|wr [[d]|Pr=Ps 4 -+ + [pjlw; + -+ + [pg| wy [[d] [P=P5)
where p; = min(py, - -+, py)-
Lemma 1 Given xy, Az, = b, let x4 be computed by (25), Tx = S(xp)rr = |xk|, and
Tpy1 = S(zp1) k1 = g |- If H(zy) = [I(ZTg) > 0, then
(Zrsr — Zx) " T(Tp)Tiga <0, (42)

with equality if Tpyq and xy are in the same orthant.
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Proof. Notice that xj_ ;, and hence x4, is guaranteed to be feasible given feasibility of .

Furthermore,
($2+1)Tﬂ($k)$2+1 = ($Z+1)Tﬂ(mk)mk ) (43)

which can be readily shown by substituting for zj,,, from (26) [69]. If x4, and z; are
in the same orthant, we have SéS(ka) = S(zy). Recalling that S? = I, then (Tpy1 —
1) TSI (Zg)Thgr = (01— )T (23) 24 = 0 from (43). To prove (42), note that I1(xy,) =
diag(m;) is positive definite by assumption, so that m; > 0. We have

F (@) = abp (@) = afy, T@e,  (from (43)

= > aplilm anli] <Y Tra[ilm Zli) = T I(T) T
=1 =1

from which the result (42) follows. ]

With Lemma 1 at hand we can now prove convergence of the algorithm (25).

Theorem 17 (Concave Convergence for II(x) > 0) Let d(x) be a sign and permutation
invariant function that is strictly concave on the positive orthant Q1 and for which II(x) > 0
for all x € R™. Assume that the set {z|d(x) < d(z¢)} is compact for all xo. Let xy be
generated by the iteration (25) starting with xo feasible, Axy = b. Then for all 11 # Ty,
we have d(vg41) < d(xy) and the algorithm converges to a local minimum d(x*), xp — x*,
where x* is a boundary point of Q, N LV (A,b) for some orthant Q.

Proof. Let Ty, # Ty, and II = II(zy) = [1(Z;) > 0. Then
0 < (Thy1r — T) T (Tpyy — Tn) = (Tpgr — Tx) HTpy1 — (Tpgr — Tx) 1Ty (44)

so that
(Tpy1 — Zp) T < (Tpgr — Tx) M Tpyr <0, (45)

where the last inequality follows from (42). Then for Zy,; # Ty, from (42), (45), and (37)
we have 0 > a(Z)(Zpy1 — Tp) T H Ty > (Z)(Tpgr — ) 1Ty = (Tpyr — Tx) T Vaed(ZTr) >
d(ZTpy1) — d(ZTg) = d(zs1) — d(xg), where the last inequality follows from concavity of d(Z)
on the positive orthant, z, € Q. Thus d(zx41) < d(zg). It then follows from the general
convergence theorem [82; 8, 50] that x) converges to z* satisfying the necessary condition
(24) for d(z) to have a local minimum. Asymptotically, z; will eventually remain in one
quadrant as it converges to z*. Since d(z) is strictly concave on the interior of any quadrant,

x* is a boundary point, and hence sparse, over some convex set Q; N LV (A,b) for some

quadrant Q. n
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4.6 Discussion

Other functions can be proved to be minimized by the algorithm (27), with convergence
generally being shown on a case-by-case basis. For example, it is proved in [69] that the
2-normalized Shannon entropy—based algorithm is convergent. As discussed earlier, the
2-normalized Shannon entropy diversity measure corresponds to the 2-normalized Renyi
entropy for p = 1, which is not concave or Schur-concave, and therefore is not expected to
result in a minimum associated with complete sparsity; a fact that has been demonstrated
in simulation [69]. The lack of concavity requires a convergence proof via different means
than the use of (6).

The requirement of the invertibility of I1(x) in (25) or (27) appears to give good reason to
prefer the non-scale invariant measures provided by the class of (unnormalized) S-functions
over the 1-norm and 2-normalized scale invariant S-functions (which effectively include the
normalized Renyi entropies). In particular, the very tractable form of the scaling matrices
for S-functions allows them to be readily inverted, as shown by (41). Significantly more care
is needed when dealing with the generically invertible scaling matrices for the normalized

S-functions.

The fact that the some of the diversity measures described in this paper are almost strictly
concave, rather than strictly concave does not usually cause any practical difficulty for n
reasonably large. Generically, convergence generally proceeds as if the measures are in fact
strictly concave. Every step size taken by the algorithm causes a strict descent in the (n—1)
directions along which the diversity measure is concave while in all directions Schur-concavity
ensures that the Lorentz order is preserved. Example case studies of the effectiveness of the

proposed algorithm in obtaining sparse solutions can be found in references [1, 69, 36, 37].

Optimal subset selection is a problem that (in principle) can be solved by exhaustive
search. Of course this direct approach quickly (as a function of the number of dictionary
vectors) becomes computationally infeasible, and computationally tractable suboptimal pro-
cedures, such as the methods proposed in this paper, must be utilized [25, 56, 34, 19, 52, 27,
17, 81, 61, 78, 1, 39, 37]. The suboptimal methods generally give acceptably sparse solutions
with no guarantee of global optimality. A comparison of some of these methods can be found
in [1].

Interestingly, in [1] a simple modification to our sparse-basis selection procedure is given
which guarantees with probability approaching 1 that a true global optimum to the sparse
basis selection problem will be found provided that a sufficiently sparse solution exists and a
certain technical condition holds on the dictionary vectors (equivalently, the columns of A).

This fact leads us to conjecture that simple stochastic, annealing-like modifications to our
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algorithm should improve the optimality of the solution in more general settings.

5 CONCLUSIONS

The concept of majorization as a preordering on vectors, one which orders vectors according
to their degree of concentration or diversity (a concept also captured by the equivalent con-
cept of the Lorentz order), was presented and we discussed how the majorization-consistent
property of Schur-concavity is a desirable condition for a functional measure of diversity
to have. Such functions are necessarily permutation invariant on the domain of definition.
We then argued that the subclass of sign invariant concave functions are especially good
measures of diversity and that their minimization generally results in a good solution to the
sparse basis selection problem. Tests for determining the concavity or Schur-concavity of a
candidate diversity measure were given. We also discussed a relaxation of the property of
concavity of a diversity measure to the newly defined and slightly weaker property of “almost
concavity.” Almost concave functions are Schur-concave, and therefore respect the Lorentz

order, and locally concave in every direction but one.

Candidate diversity measures were analyzed from the perspective of majorization, Schur-
concavity, concavity, and almost concavity. We examined the class of p-norm-like measures,
including the special cases where the vectors are first normalized in the 1-norm and in the 2-
norm sense. We also looked at the Gaussian entropy (discussing its equivalence to the p =0
p-norm-like measure) and the Shannon entropy as measures of diversity. We then investigated
the class of Renyi entropies and showed that this class contains both the p-norm-like and
Shannon entropy and therefore that all of these measures are intimately related. We also
developed and analyzed the large class of signomial diversity measures, and showed that
they can reasonably be interpreted as a generalization of the Renyi entropy measures (and
hence of the p-norm-like, Gaussian entropy, and Shannon Entropy). Finally, we developed
an iterative optimization algorithm that is shown to converge to a local minimum of an
appropriately chosen diversity measure and thereby provide a sparse solution to the best

basis selection problem.

In the development of the basis selection algorithm, it was shown that associated with
each of the diversity measures considered in this paper is a corresponding diagonal scaling
matriz, I1(z). The scaling matrix is defined by a particular factorization of the gradient of
the diversity measure. When the scaling matrix is positive definite, the iterative algorithm
developed in this paper can be interpreted as an Affine Scaling Transformation (AST)-based
algorithm, with an AST, W (x) 217 ’%(x), uniquely defined by the particular choice of the

diversity measure d(x). This is in contrast to the general AST methodology where a choice
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of an AST is taken independently of the objective function to be minimized. More generally,
our algorithm is applicable even in the case of a non-positive definite scaling matrix, which
is an additional generalization relative to the standard AST methodology. However, the
strongest convergence results hold for the case of diversity measures with positive definite
scaling matrices. Simulations and case studies showing the convergence behavior of the

proposed algorithm can be found in [36, 1, 69, 37].

As discussed in this paper, diversity measures drawn from the class of “S-functions”
appear to be particularly well-behaved; they are a large set of separable, concave diversity
measures with positive definite, and readily invertible, scaling matrices. Certainly, many
questions naturally arise and remain to be answered regarding the properties of this class.
For instance, a natural line of inquiry would be to determine the extent to which the param-
eters defining a diversity function chosen from this class can be optimized for a particular
application. It is also interesting to ask whether general separable, concave functions can be
approximated arbitrarily well within the class of S-functions, or it extension to the set of
symmetric sums of multinomial-like terms [53]—unfortunately, unlike working with general
signomials [20], one cannot invoke the Stone-Weierstrass theorem [3] to claim that the subset
of S-functions are dense in the space of continuous functions (because the S-functions do
not form a subalgebra). Another interesting question (touched upon briefly in Section 4.6)
is whether stochastic modifications of the basic algorithm can improve the quality of the so-
lution found, similarly to the provably optimal extension presented in [1]. Much additional

research will be required to obtain definitive answers to these and other related questions.
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APPENDIX

In this appendix we derive the forms of the Hessians H(" () and H{? (z), given by equations
(9) and (10), and prove Theorems 14, 15, and 16. We also discuss the derivations of the

scaling matrices given in Table 1.

Derivation of the Hessian H'(z), Equation (9). Note that

- _ 7] O¢(z) _ sgu(zli]) (06(Z) <~ .;,,00(Z)
= 7 e e Uost M ) 1o
This follows from the chain rule,
00(3) _ 5~ 00() 0l
oxli] 0z [k] ox[i]”’
and the fact that
ol ol _senGel) -
Tl T el T el T )
Now apply identity (46) to the function
dl(,l)(x) = d,(z) = sgu(p) Zx[z]p
This results in ad(l)( ) od(@ ol (el
B () ) |plsgn(@fi]) /~rqp-1 -
Differentiating (48) with respect to x[j] then yields the (i, j)-th element of the Hessian
Hél)(a:),
APV (x)  9%d,(7)
a:filoai] ~ Oafosl) )

_ Iplsgn(zli2[j])
11}

(PP +pa[) " + (1= p)E[i" 265 — (1L +p) |d,(@)] | -

On the positive orthant, Q1, sgn(x[i]) = 1,7 =1,---n, in equation (49) and the Hessian

can be written as

(50)
which is just equation (9). Note that the (i,7)-th element of the general Hessian (49)
differs from the same element of the positive orthant Hessian (50) only by the sign factor

sgn(z[ilxz[j]). This means that generally, for any = € R", we have

My (x) = diag[sign(x)] - HP(|«|) - diag[sign()]" , (51)

P
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where H{V(|z|) can be determined from (50) since |z| € Q. Equation (51) shows that if
Hél)(a:) is positive definite on the interior of the positive orthant then it is positive definite

on the interior of any orthant (and vice versa).

Derivation of the Hessian H{?(z), Equation (10). Note that

7 oaK] . ] .
EHER R O (52

From (52) and the chain rule, we find

o T 09(&) _, ali 20
BT ol 2||:c||g< 7 ; k])’ (53)

I

T =

Thus, with Z = 22/||z||3, we obtain

od? (x) _ 5’d p(Z) _ o lPl2li] ey
(] z]i] =2 122 (201 dp(#)]) - (54)

Differentiating (54) with respect to z[j] yields the (4, j)-th element of the Hessian H{?(x),

PP (x)  9Pd,(7)
ox[i|0z[j] Ox[i|0x[y]
2|p o
_ ﬁ {65 [(2p — Dl - 142 ()] (55)
—2(&[i] &(4))2 [pali] " + pE(P " — AP ()] }
2|p
_ 2 |2 (Aij+Bij +Cij)
|3
where
Aij = by [(2p— Dl = dP ()] ; (56)
By = —2(ili)zlj)? (palilP~* + palsl") (57)
Ciy = 2zl z[j])?|dP (2)]; (58)
With A, ;, B, ;, and C, ; the (¢,7) — th component of matrices A, B, and C respectively, we
have
HO ) = 2Pl A 1o 59
where
2pl & (1—2p 2 >
A = — — 1 [dP(2)]] eel; 60
ol 2 \ar * 1% ) (o0
C = 2/dP|(1+p) 7257 =23 &li]” (1 +p) 7352 ; (61)
=1



and

B = -2 Z ( P-teie] 3[j]2 + ilil2ee] [j]P7)
2,7=1
— —QpZ ( %—l—:ﬁ%e;?r). (62)

'le

Equations (59)—(62) taken together yield the desired result, Equation (10).

Proof of Theorem 14. We can readily show that for each x in the interior of Qj,
y"HM (z)y < 0 for all nonzero y in the (n — 1) dimensional subspace of R" orthogonal
to the direction 1, so that the Schur-concave function d51g< x) is almost concave in the sense

of Definition 6. Indeed, for any nonzero y = z, 2 L 1, we have for p < 1,

ZTH(I)(JZ)Z _ Ip|(1 —p) zn: (Zz)2 <0, (63)

and ZTH(U( )z =0 if p = 1. The Hessian of dSIg)( ) is a sum of Hessians with this property.

Therefore d;g( ) is almost strictly concave for at least one p; < 1 and is otherwise almost

concave.

Of course, the most desirable situation would be if dmg( x) were concave. This is not,

however, the case, and the remainder of the proof is concerned with demonstrating this fact.

Let y=1 1 2, then

p|

1TH](31)($)1 = “Tll? f(z) where, (64)
F@) = S {2npalilrt + (1 - p)#liP - (14 p) P}

=1

It is straightforward to show that the Hessian of f(Z), taken with respect to Z, is positive
definite for all # when 0 < p < 1. In this case, the unique minimum of f(Z) subject to the
constraint that >, Z[i] = 1 can be shown via the methods of Lagrange multipliers [60] to
occur for z[i] = n~', i = 1,---,n, and yields the value zero. Thus 1TH}(,1)(x)1 < 0 for all
x € Q. Furthermore, lTHl(,l)(x)l = 0 only if x is precisely along the line through 1, z & 1,
which defines a set of measure zero in Q;. For p < 0, there are values of & for which f(Z)
becomes negative. (E.g., take p = —¢, € > 0 small, and £ — e; any i = 1,---,n.) Obviously

we do not have concavity for p < 0, but we still do not have a definitive answer for 0 < p < 1.

Since for 0 < p < 1, H](Dl)(x) is concave along the direction 1 and on the subspace 1+,

it can only cease to be concave along a direction oblique to both 1 and 1+. Thus, most
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generally we take y to be of the form y = 1+ 2, z L 1 8. Note that z — 0 returns the case
y = 1, while ||z|| — oo yields y = z, corresponding to the two cases considered above. Also
note that

y=14+z=y =142z, 1Tz:Zzi:0 and Zyi:n. (65)
With this choice of y we have Z Z
H )y = = el (66)
o(d.9) = 3 {(1=p)FP 3 + 20 Py~ (L4 p) )
Note that f(z) of (64) and ¢(Z,y) of (66) are related by
f(@) =g(7,1). (67)

Also note that y"H (z)y = y"HV (Z)y < 0 (respectively, y"HY (z)y < 0) for all z and y

if and only if g(Z,y) > 0 (respectively, g(Z,y) > 0) for all  and y. Thus if it can be shown

(1)
sig

on Q; along some direction that is oblique to both 1 and the space orthogonal to 1, 1+. We

that g(&,y) < 0 for some y, then H{"(x) is not positive definite and dg(x) is not concave

will determine the precise situation that holds by computing the minimum admissible value

of g(z,y) for any fixed value of & in the interior of Q;.

To solve the problem,
min g(Z,y) subject to ; v =n, (68)

we will apply the method of Lagrange multipliers. It is readily ascertained via the Hessian
test that ¢(Z,y) is strictly convex in y for Z in the interior of Q; and therefore problem (68)
has a unique solution. This solution is a stationary point of the Lagrangian,
L=g(Z,y)+2A (n - Zw) : (69)
i=1
where the factor “2” has been added for convenience. The stationarity condition results in

the n + 1 equations
(1= p)E[i" "y + npZ[i™ = A = 0, (70)

for i=1,---,n and > y; = n. (71)

i=1

Note that (70) is equivalent to

(1= p)yi + npili] — Azl = 0. (72)

8The overall scaling of y does not affect the proof.
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Summing (72) over ¢ and using (71) and the fact that >°; Z[i] = 1, results in

n

Aopt = b
"Ll )
Substitution of (73) into (72) yields the worst case solution,
Al — npil] m ( P )
Yopt,i = = - —PT] ] . 74
" i-p)  (-p\smape P T

Rather than determine the minimum value of g(Z,y) directly from (74), note that mul-

tiplication of (70) by y; followed by a summation over i gives the necessary conditions,

M=

0 = S {@—p)ali g + npail* 'y} -0,

1

<.
I

Il
NE

{(1 — p)&[i]P2y? + an:i[i]p_lyi} —np Zf[i]p_lyi —n\,
1 i=1

0 = g(@&y) + (1 +pn’ld) ()| —np Y Z[i]" 'y — nA,

i=1

<.
Il

or
9(&,y) =nX+np > #[{P "y — (L+p)n?|d)(z)]. (75)
=1

Evaluating (75) at Agpt and yopt, and using the relationship (74) results in,

F - " —nldO ) = n’ 1 _1dD (g
0ton) = s (e = n120) = " (s — 1)
n? 1 n )
— (1 _p) (Z?_ljmg_p - ;I[Z] ) )
= (=) (1 — ;j[i]p . ;ggm —p> . ;5[2] na (76)

Thus ¢g(z,y) > 0 for all nonzero z and for all y, and hence H;l)(:r;) is negative semidefinite

for all nonzero x if and only if,

1> zn::z[z']p : zn: F[i]*7P. (77)

Sl 3ol > (Sl H—) _ (ZH) 1 (73)

=1 =1 i=1

Equations (77) and (78) indicate that H{"(z) will be negative semidefinite for all nonzero «

if and only if,

an F[i]P - znj Pt =1. (79)



This condition corresponds to equality in (78), which will occur if and only if the vectors
(#%[1),---%%[n]) and (5:2_Tp[1], o FE [n]) are parallel [49]. It is readily shown that equality

holds whenever & has m zero entries with the remaining n — m entries equal to the constant

1
n—m)

value i for m = 0,---n — 1. Generally, however, equality does not hold, and there is
one direction, oblique to both the direction 1 and the (n — 1)-dimensional subspace 1+, for

which concavity of dz(})(:v) is lost. Thus dél)(x) is almost concave, but not concave, on Q;.

It is a straightforward application of L’hopital’s rule to show that

lim — <l—ii[i]”~§:j[i]2_p> =—HP(2). (80)

r—1- (1 —p) i=1 i=1

Thus in the limit we have,

p— 17 = g(F yop) = —nH§ () <0. (81)
Note that H él)(x) = él)(f) is equal to zero when & has m zero entries with the remaining

n —m entries equal to Flm) form =0, ---n—1. In general, however, we have —Hél)(x) < 0.

Proof of Theorem 15. Because d..) () = X7, dg)(x), it is enough to show that the

sig
)

theorem is true for the simpler case of dg,(z) = dgf)(m). Earlier in the appendix it was

shown that

amimdg)@’) = 2oy (Fr ™ = 1P @)) & = |2/ |=]3- (82)

013

p
note that z[i] and z[j] must both be positive for z € Q;. From (4), d(z) is Schur-concave iff

) _ 9d1) < () Note that

Set d(z) = d?(x) for convenience. Let z[i] > z[j], so that z[i] = z[j] + A, A > 0, and
d

d[i] dz|j]
ad([ﬁ) 8d(l’) g ~rap—1 S (~ o p—1
e oalg] ™ ofi] (2" = |d(@)]) — a[5] (27" — |d(@)]) (83)
= —|d@)|(@[i] - 2[j)) + («li] FiP = als] EGP) = T+ Ta,
where 71 = —|d(z)|(z]i] — z[j]) = —|d(z)]A < 0. The function d(x) is Schur-concave iff
Ty +T5 < 0. Expanding the term 75, we have
oo ) sblea sl
A ) ()
_a[j] AN el 1 -
— i[j]l_p {(1 + SL’[]]) 1} fé[j]l_p (1 i ﬁ)l—% 1
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For p < %, Ty <0, and d(z) is Schur-concave. For p > , note that T > 0. Forp > 3 Ld(z) =

>, Z[i]P = d(Z) can be shown via the Hessian test to be strictly concave and therefore the
problem max;z d(z) subject to >, Z[i] = 1 has a unique solution, which can be shown from
the method of Lagrange multipliers to be given by Z[i]°?* = n=1 i = 1,--- n, yielding a
maximum value of d(z°P*) = n'~?. Thus T} Is bounded from below by 77 > —n!"PA. Assume
fixed values of z[i| and z[j], and note that A = z[i] — z[j] is then constant. Assume that
n > 2, then there exists a component x[k] other than z[i] and z[j]. By letting z[k] — oo, we

2(1—p)

have ||z]|; — oo so that Z[j]P~! = ||lz[|3 "z[j]*P™) — oo for p > 5. Thus Tb can be made

to dominate n'"PA so that Ty + Ty > 0, in which case d(x) cannot be Schur-concave.

Proof of Theorem 16. The proof is very similar to that of Theorem 14. Let y = 2z # 0

be any direction orthogonal to fé, 2L s, Then, %z =2T72 =0 and
2|p| {1 —2p
T4(2) — (2) 2
2 HY (x)z = —— +|d, 7 (x)| p 2 <O, (84)
g B =A G

for all p < 1. This shows that H{?(z) is negative definite and therefore dSIg( x) is locally

strictly concave at the point x along any direction perpendicular to 72 for p < % Thus

dg?g)(m) is almost strictly concave according to Definition 6 for p < % However, we will show

that délg)( ), p < 3, is not concave.

Noting that

=3 ilil=1, (85)

it is readily shown that
T
7

HO ()52 = 0. (86)

L=y

Thus H{P () is negatlve semidefinite and d_ ( ) is concave (but not strictly concave) along

sig

the direction y = #2. Tt is evident that concavity can only be lost on a direction oblique to
1

both the direction 2z and the subspace (f%)l.

Most generally, we let
%&2[i] = 0. (87)

Utilizing (86), (84), and (87) we have

2 1-2
’p| {~ . p+|d§)2)($)|}212
(|3 =

z[i)t-p

= S LB st - 2 S g 2

RE =Rt iz =

yTHP (2)y = 287 HP (2)z —

37



2lp| &

s 2 (L= 23" + 140 @)]) 2F + 21— p)alif b2
H2$|]|)|| 9(Z,z), where
g(f,z) = i[( 1—2p P 1—{—|d ( )l) 21‘24‘2(1—]?):%[1‘]”_135%21} ‘ (88)

If it can be shown that ¢(Z, z) > 0 for all z, then the Hessian is negative definite and d51g< x)
is concave on Q;. On the other hand if it can be shown that g(#,z) < 0 for some z, then
HP) (z) is not positive definite and dSlg (x) is not concave on Q;. We will determine the
precise situation that holds by computing the minimum admissible value of g(Z, z) for any

fixed value of T in the interior of Q;.

To solve the problem,
mzin g(Z,z) subject to Z % % ' (89)

we will apply the method of Lagrange multipliers. It is readily ascertained via the Hessian
test that ¢(Z, z) is strictly convex in z for Z in the interior of Q; and therefore problem (89)

has a unique solution. This solution is a stationary point of the Lagrangian,

L=g(F2) - Y zi3[i). (90)

2 (1= 2p)aif? ! +[dP (@)]) 2 +2(1 — p)a[iP 22 — Aa=[i] = 0, (1)
for i=1,---,n and iz@%[i] = 0, (92)

i=1
which can be used to solve for z € R and A € R. Rather than do this, however, we can
directly solve for the optimal value of ¢g(Z, z) by multiplying (91) by z;, summing over i, and
applying condition (92). This yields the condition,

S [2(( = )il + 142 (@)]) g + 20— D F ] =0, (93)

=1

A comparison of (88) and (93) shows that the optimal value, g(Z, zopt), of g(Z, z) is given by

n

9(F, zopt) = Z(<1—2p> [P+ 1A (@)]) 2250 (94)

It is readily determined from the conditions (91) that z,,; must be nonzero in general, and

therefore ¢(Z, zopt) < 0. Thus the Hessian is not negative semidefinite and dt ( ) is not

sig
concave on the interior of Q;.

38



Note that a relationship between Agp; and zop; can be found by multiplying (91) by #2|i],
summing over ¢, and applying conditions (85) and (92). This yields,

n

o =201 = 20) {820 + Yl e | 9
i=1
Finally, note that (91) and (95) can be combined to determine the worst case values zopt i,

1=1,---,n. n

Derivation of the Scaling Matrices of Table 1. In Table 1 notice that the expres-
sions for I1g4(x), IT Sg) (x), and II s(fg) (x) directly follow from the definitions of dy;g(a), dgg(:ﬂ),
and dg;(x) respectively. Also note that the indefiniteness of the scaling matrices ]ngl)(x),
119 (z), Hs(ilg) (x), Hs(?g) (x), él)(x), and ]Yg) () (which can be verified directly) follow from
the scale invariance of their corresponding diversity measures, as discussed in Section 4.1.
The expressions for the scaling matrices of H{Y and H? follow from the definitions (15)

and (17) and the chain rule of differentiation.

The derivations of II,(z) and II(x) from the definition (19) are straightforward. The
expression for II{Y(z) follows from (19) and the identity (48), while that for II{?)(z) follows
from (19) and the identity (54). The expressions for /1 él)(x), and 11 éQ)(x) follow from the
definition (13), with the appropriate definition for Z, and the use of the identities (48) and
(54) respectively.
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TABLE 1

DIVERSITY MEASURE

SCALING MATRIX

Type | Concave Scale Expression Positive
Invariant Semidefinite
dy(z) | forp<1 No II,(z) = diag (W) Yes
d;l)(x) for p <1 Yes Hzgl)(x) = diag <1_|d‘<"2§+§[w> , T = lexll|1 No
d?(z) | for p < 3 Yes 119 (z) = diag (w%c—llfw_]o) , T = H'ilgg No
dsig(z) | for p; <1 No Iig(x) = 325 |pj| wy I, () Yes
dgg(x) for p; <1 Yes HSQ) () = 3 |psl wj 1LV () No
di)(x) | for p; < 1| Yes 15 (x) = 5, Ipj| w; 12 () No
Hg(x) Yes No Il (x) = diag (Iwéﬂz) Yes
Hél) for p <1 Yes Hél)(x) = diag {—m (Hél)(x) + log i[z])} No
Hg) for p <3 Yes ]Yé?) () = diag (—Hg) — log :Z‘[z]) , T= @2% No
HY | forp<1 Yes 11V (z) No
H® | forp<i Yes 11 (x) No
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Figure 1: Lorentz Curves. S[k] versus k, 1 < k < n, for population size n = 15 and
normalized to S[n] = 1. The solid lines are the convex hulls of the plotted points. The
minimumn diversity (maximum inequality) curve is £;. Maximum diversity (equality) is given
by curve Lg. Curves Lx and Ly correspond to z < Y, i.e., T represents greater diversity
(equality) than y. Curves that intersect correspond to vectors that cannot be ordered via
majorization (i.e., via Lorentz curves that are nested one inside the other).
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Figure 2: The Diversity Measure d, (x) = sgn(p) 2z, p <
p =1.0; B) 2-D contour plot of p = 1.0; C) 2-D graph of p = 0.
p=0.1.
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Figure 3: 2-Normalized Shannon Entropy, H? (z). A) H3""™(z) evaluated over any single
orthant of R%. The value of the scale- and permutation-invariant measure 5 ég)(;z:) is given by
the height of H3™"°""(z) above the unit simplex along the radial direction. Note that HP(z)
is not concave over an orthant. B) Sign invariance of H éz)(rc) with respect to changes in
sign of the elements of z. The diversity measures considered in this paper are permutation
invariant over any single orthant and sign invariant with respect to changes of the form
z[i] = —z[i], 1 < i £ n. Shown is the graph of Hg)(z:) over four of the eight orthants of
R? with values given by the height above the unit simplex (taken along the radial direction)
in each orthant. The symmetry with respect to sign changes (i.e., with respect to change of
orthant) is evidin
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Figure 4: 1-Normalized Shannon Entropy, Hél)(x). A) Hg™"°"™(z), evaluated over any single
orthant of R3. The value of the scale- and permutation-invariant measure H é”(:c) is given
by the height of Hi™"™(z) above the unit simplex along the radial direction. Note that
H_gl)(:c) is concave over an orthant. B) Sign invariance of H{")(z) with respect to changes
in sign of the elements of z. Shown is the graph of H _g-l)(z) over four of the eight orthants of
R3 with values given by the height above the unit simplex (taken along the radial direction)
in each orthant. The symmetry with respect to sign changes (i.e., with respect to change of
orthant) is evident. Even though H}™"°"™(z) is almost concave over any single orthant, it is
not almost concave across orthants.
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