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ABSTRACT

This paper considers subset selection in the presence
of noise via algorithms that minimize diversity mea-
sures. This leads to iterative procedures like reg-
ularized FOCUSS in which each iteration involves
the solution to a regularized least squares problem.
Several di�erent methods for choosing the regulariza-
tion parameter such as the discrepancy principle and
the L-curve technique are evaluated for this purpose
and compared. To overcome some of the limitations
in existing methods, a modi�ed L-curve approach is
proposed. Experiments using regularized FOCUSS
with the di�erent methods for choosing the regular-
ization parameter are conducted and compared with
a sequential subset selection method, the Orthogonal
Matching Pursuit (OMP) method. Results show that
a modi�ed L-curve approach works well for �nding
the regularization parameter in this application.

1. INTRODUCTION

Subset selection problems arise in many applications
such as basis selection in signal representation [1],
Magnetoencephalography [2], among others. The un-
derlying mathematical problem is one of solving an
underdetermined linear system of equations with the
requirement that the solution be sparse, i.e. solving
the linear inverse problem

Ax = b; (1)

where dim(A) = m�n withm � n. The requirement
that x be sparse, i.e. have only a few nonzero entries,
prohibits the use of the minimum2-norm solution and
leads to the problem of subset selection. Several inter-
esting algorithms have been developed to address this
need. Of interest in this paper is a method called FO-
CUSS, for FOCal Underdetermined System Solver
[3], that minimizes the `(p�1) diversity measure given

by [4]

E

(p)(x) = sgn(p)

nX

i=1

jx[i]jp; p � 1: (2)
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The FOCUSS algorithm gives an exact solution to
(1). In some applications, such as using the model
for compression [5], it is desirable to allow for an
error to achieve a solution that is very sparse, i.e.
b = Ax+ v. In addition, the data measurements can
be noisy or there are modeling errors making an error
in the reconstruction meaningful.

Using a Bayesian formulation, methods based on
minimizing diversity measures can be adapted to deal
with noise. This approach leads to the minimization
of a modi�ed function of the type

J(x) = kAx� bk
2 + �E

(p)(x): (3)

Using the factored gradient approach [4], a variation
of the FOCUSS algorithm can be developed that can
be used in the presence of noise [6]. The algorithm
consists of the following iterations: (p � 1 and is
selected by user)

Wk+1 = diag(jxk [i]j
1� p

2 ) (4)

qk+1 = argmin
q

kAWk+1q� bk
2 + �kqk2 (5)

xk+1 = Wk+1qk+1; (6)

where (5) is a regularization problem and � is the
regularization parameter. The quality of the sparse
solution obtained via the regularized version of FO-
CUSS is governed by the choice of �. No systematic
and robust procedure has been presented for choosing
�: This paper concentrates on this problem.

2. REGULARIZATION PARAMETER

Determining a proper value for � is an important
problem and has implications to other subset selec-
tion methods as well as to other regularization prob-
lems. Sparsity adds an interesting twist to this classi-
cal problem, and in the subset selection context, there
appears to be no practical reason to limit the choice
of � to a �xed value for all the iterations. A value
that is dependent on the iteration o�ers more �ex-
ibility and may be more appropriate. With this in
mind, we suggest and study three approaches moti-
vated by three di�erent scenarios. The �rst approach



is motivated by the desire to ensure a certain qual-
ity of representation and exploits the availability of
some information on the perturbations. The second
by the need to ensure a certain degree of sparsity on
the solution as would be required in applications like
compression. The third by the desire to produce sta-
ble sparse solutions without the need for much prior
information.

2.1. Discrepancy principle

In this approach, the goal is to �nd a sparse solu-
tion that assures a certain quality in the nature of
the representation, i.e. kAx� bk � �. This is called
the discrepancy principle [7]. Algorithmically this re-
duces to solving the optimization problem

min
x

E

(p)(x) subject to kAx� bk � �:

The formulations avoids the need to �nd a regular-
ization parameter explicitly. Viewed from a Bayesian
perspective, (3), the approach amounts to a particu-
lar choice of � and hence of a regularization param-
eter implicitly. Assuming that the inequality con-
straint is active, which is usually true, and follow-
ing the factored gradient approach, an iterative al-
gorithm can be derived which at each iteration com-
putes xk+1 =Wk+1qk+1, where

qk+1 = argmin
q

kqk2 subject to kAWk+1q� bk � �:

An algorithm for computing qk+1 can be readily de-
rived [9].

2.2. Sparsity Criteria

Another option is to choose � so that the solution pro-
duced has a predetermined number of nonzero entries
r. Note that upon convergence the rank of AWk+1 is
equal to r, i.e. limk!1 rank(AWk+1) = r. So a de-
sirable approach would be to use a sequence �k to sat-
isfy this limiting rank property, while providing the
best �t possible. A reliable procedure for doing this
is not yet available. One practical approach, which is
used here, is to use a sequential basis selectionmethod
like the Orthogonal Matching Pursuit (OMP) to se-
lect r columns [10], and to determine a value for the
error � in the representation. This � can be the basis
of FOCUSS along the lines suggested in section 2.1.
In the end, one can either use the subset selected with
FOCUSS or the OMP solution, whichever is better.

2.3. Modi�ed L-Curve Criteria

In this approach, the regularizing parameter is found
by striking a compromise between minimizing the
norm of the solution vector, kqk2, versus the error in
the representation, kAWk+1q� bk

2. In this context,
this choice also translates into controlling the sparse
nature of the solution, so that a trade o� between
quality of �t and sparsity is done. The use of such

an approach in the context of FOCUSS was �rst sug-
gested in [3]. The L-curve was introduced by Hansen
in [11] as a method for �nding the parameter � in the
regularization problem: minxfkAx � bk

2 + �kxk2g,
and this can easily be translated to the regularization
problem of (5) which we want to solve.

If � is varied from 0 to 1, kqk2, a measure of
sparsity, decreases monotonically from k(AW0)

+bk2

to zero and kAWk+1q � bk
2, a measure of the ap-

proximation error, increases monotonically. The the-
ory of the L-curve poses that a plot of kqk2 versus
kAWk+1q� bk

2 for di�erent � will be shaped as an
L, and that a good � is the one corresponding to the
corner in the L. Furthermore it is suggested [11, 7]
that the corner of the L-shaped curve can be found
by �nding the maximum curvature. Though the plot
of kqk2 versus kAWk+1q � bk

2 can be shown to be
convex [7], and the maximum curvature can be at a
trade o� point between sparsity and accuracy, this is
usually carried on a log-log scale. In our experiments
we have found that the L-curve approach using a log-
log scale often fails because the data will not produce
a well de�ned L-curve in each iteration of the FO-
CUSS algorithm.

To improve the robustness, we propose a method
using a combination of the discrepancy principle and
the L-curve method, linear scale. We call this the
modi�ed L-curve method. In the proposed modi�ed L-
curve method, it is assumed that there is some knowl-
edge about the variance of the noise, or alternatively
something about the target SNR after computing an
approximation. From this knowledge an upper and an
lower target on the residual norm, �2 = kAx � bk2

can be made. Then for every iteration in FOCUSS
the upper and lower target on �

2 is used to �nd an
upper and a lower limit for �, f�min; �maxg. The
� corresponding to the maximum curvature in the
linear scale, �c, is also calculated in every FOCUSS
iteration. �c is then compared with the limits. If
�c < �min then �min is used. If �c > �max then
�max is used. Otherwise �c is used. This ensures
that the � will always be acceptable even if there is
no distinct L-corner.

3. EXPERIMENTS AND RESULTS

Numerous experiments are conducted on synthetic
data to understand the reliability of the methods pro-
posed above. Experiments are done using an 20� 30

matrix, A, with random entries chosen from a nor-
mal distribution with mean zero and variance one.
The columns in A are normalized. The noise free
data vector b0 is obtained as a linear combination of
r randomly picked vectors from A where the coe�-
cients are Gaussian random variables with zero mean
and unit variance. The b0 is then normalized. The
noisy data vector, b, is b0 + n where n is a noise
vector with Gaussian random entries with zero mean
and variance depending on the Signal to Noise Ratio
(SNR) in the experiment. Mathematically, the syn-



Test p C # #r ��
2

1 ��
2

�
2

1 / �
2

10
�3

10
�3 %

1 F 0 0.8 9.3 5.86 8.0 4.4 57/24
1 O 9.3 5.58 12.3 7.4 29/62
2 F 0 7 5.47 15.0 13.5 38/30
2 O 7 5.29 17.9 16.2 35/43
1 F 0.5 1.2 6.7 5.44 9.6 9.8 30/25
1 O 6.7 5.37 16.9 14.4 33/38
2 F 0.5 7 5.67 9.8 8.6 35/27
2 O 7 5.57 12.4 10.4 37/45

1 F 0.8 1.5 7.9 5.84 8.0 6.3 45/23
1 O 7.9 5.58 12.5 9.4 41/63
2 F 0.8 7 5.70 12.6 11.4 33/24
2 O 7 5.40 16.3 14.6 26/35

Table 1: Experiments done on test1 and test2 with
the same data set. SNR= 20 dB, r = 7. F:FOCUSS,
O:OMP.

thetic data can be described as

b = b0 + n; where Ax = b0: (7)

Each experiment is done with at least 100 di�erent
data vectors.

Several factors have been studied to evaluate the
experiments. There are two types of error: �

2
1 =

kAx � b0k2 and �
2 = kAx � bk2. If one is trying to

�nd the underlying function of a known sparse pro-
cess, then the �rst error measure is the most infor-
mative. If one is trying to represent a signal in the
best possible manner without knowing the underlying
generating function (e.g compression), then the latter
will be the most informative.

3.1. Discrepancy principle and Sparsity

The Discrepancy principle (test 1) and Sparsity cri-
teria (test 2) are tested on the same dataset, and are
therefore evaluated together.

In the experiment of the discrepancy principle,
we assume that we know the variance of the noise.
That allows bounding of the norm of the error as a
function of the noise variance. Let the variance of
ni; i = 1; 2 : : :N be �2. Then Eknk2 = N�

2, and the
error bound is set to CN�

2, where C is a user chosen
factor. When using this approach, the number, r, of
vectors from the A matrix selected to approximate a
data vector b vary for di�erent data vectors. To
facilitate a proper comparison, for every data-vector,
bi, the FOCUSS algorithm is run �rst, and the num-
ber of columns selected, ri; is found. Then the OMP
algorithm is run for the same data vector with the re-
striction that it has to pick exactly the same number
(ri) of vectors. In the experiment of the sparsity cri-
teria, the number of vectors to be selected to approx-
imate the data is �xed. In this experiment the goal
is to �nd the best possible approximation in terms
of minimal Mean Square Error (MSE) using a linear
combination of r columns from the A matrix. Unfor-
tunately it is not trivial to control r when FOCUSS is

Test p C # #r ��
2

1 ��
2

�
2

1 / �
2

10
�3

10
�3 %

1 F 0 0.8 7.0 4.21 78.2 49.6 55/22
1 O 7.0 4.10 84.0 42.7 32/65
2 F 0 7 4.26 83.9 47.0 56/32
2 O 7 4.13 88.1 42.8 34/58
1 F 0.5 1 5.3 3.99 84.4 73.9 38/50
1 O 5.3 3.78 90.9 70.0 31/38
2 F 0.5 7 4.46 78.5 44.4 15/26
2 O 7 4.30 82.4 40.8 54/62

1 F 0.8 1 6.4 4.28 79.1 58.7 41/19
1 O 6.4 4.09 84.1 51.3 41/63
2 F 0.8 7 4.43 79.8 45.2 39/29
2 O 7 4.18 82.9 44.9 32/42

Table 2: Experiments done on test1 and test2 with
the same data set. SNR= 10 dB, r = 7. F:FOCUSS,
O:OMP.

used as the vector selection algorithm. The way it is
done in this experiment is the following: For a data-
vector bi, OMP is run �rst �nding an approximation
using r vectors. �2 is calculated and used as an input
for the upper bound when running FOCUSS as in the
discrepancy principle. Let rFOCUSS be the number
of vectors that FOCUSS uses. If rFOCUSS > r; it is
pruned down to r by using OMP to select r of the
rFOCUSS vectors. If rFOCUSS < r; extra vectors are
added using OMP until r vectors are selected. This
way we always use r vectors in each approximation.

The results of the experiments are summarized in
Tables 1, and 2. The various parameters that make
up this table are as follows: p is a factor in the FO-
CUSS algorithm, (4), # means the average number
of vectors selected per data vector, #r means the av-
erage number of selected vectors which are identical
with vectors used to construct b0, ��21 and ��2 is the
mean of the error measures, % �

2
1/�

2 means the per-
centage of the trials where FOCUSS/OMP performs
better in terms of �21/�

2. The reason why % �
2 FO-

CUSS and % �
2 OMP does not add to 1 is that they

perform exactly the same for some of the trials. For
the experiments with test 1, C is the user chosen fac-
tor in the error bound as explained above.

From Table 1, it can be seen that the mean of
both �

2
1 and �

2 is less for FOCUSS then OMP in all
the experiments. For low SNR in Table 2 this is still
the case for the mean of �21 but no longer for �2. As
is seen from Tables 1 and 2, the results of % �

2
1 and

% �
2 seems to be in favor of the OMP in many of the

experiments, but still the mean values of �21 and �
2 is

in favor of the FOCUSS. This is because when OMP
performs better it only performs marginally better,
but when FOCUSS performs better it sometimes per-
forms signi�cantly better.

3.2. Modi�ed L-curve

The modi�ed L-curve method requires some knowl-
edge of the noise level, or a target on the approxima-
tion SNR. In particular, the largest (�2

max
) and small-



Test p # #r ��
2

1 ��
2

�
2

1/�
2

10
�3

10
�3 %

SNR 20 dB:
FOC 0 7.04 5.35 9.7 10.3 53/42
OMP 7.04 5.05 19.2 17.6 47/51
FOC 0.5 6.86 5.32 10.2 9.4 45/36
OMP 6.86 5.05 20.0 17.8 55/55

FOC 0.8 10.69 5.97 8.3 3.6 74/26
OMP 10.69 5.68 11.7 4.9 26/74

SNR 10 dB:
FOC 0 4.08 3.46 117.1 115.2 52/39
OMP 4.08 3.06 128.3 118.6 39/48
FOC 0.5 4.34 3.58 99.1 93.8 59/41
OMP 4.34 3.22 108.7 116.8 34/46

FOC 0.8 8.38 4.57 82.4 39.3 76/21
OMP 8.38 4.14 93.9 29.5 24/77

Table 3: Experiments done on the modi�ed L-curve
method assuming knowledge of the SNR. r = 7

est (�2
min

) error in the approximation are required.
This is used to �nd �max; �min, as described in sec-
tion 2.3. In each FOCUSS iteration, �max; �min; and
�c are found.

The noise vector n has Gaussian random entries
with variance �2

n
= SNR

dim(n) , and the SNR level is 10

or 20 dB. knk2 has a chi-squared distribution and is
used to �nd the limits. The limits �2

min
and �2

max
are

chosen as P (knk2 � �
2
min

) = P (knk2 � �
2
max) = T ,

where T is a chosen threshold. For these experiments
a threshold of :1 was used and this gives �

2
min

=

0:0062 and �
2
max = 0:0142 for SNR = 20 dB, and

10 times as much for 10 dB.
If the true SNR of the data is unknown, targets

for the SNR can be used to decide the error limits.
If the desired SNR is approximately X dB, an upper
error limit can be set using X � �1 dB as an SNR
target, and a lower limit using X +�2 dB.

�

2
upper

= 10�(X��1)=10kbk2 (8)

�

2
lower

= 10�(X+�2)=10kbk2 (9)

For every data vector, b, an �
2
upper

and �
2
lower

is cal-
culated using Equation 8, and 9 before the FOCUSS
iterations start. For each data vector in the experi-
ment, FOCUSS runs �rst and ri is found, then OMP
runs on the same data vector and stops after selecting
exactly ri frame vectors. The errors are then com-
pared.

Results from the modi�ed L-curve method are
shown for SNR's of 10 and 20 dB in Table 3.

Table 4 shows experiments where the true SNR for
the generated data is 20 dB, but assumed to be un-
known. A lower target is set to 15 dB and the higher
to 25 dB assuming no knowledge about the noise but
requiring the approximation to have an SNR between
15 and 25 dB. The results are in favor of the FO-
CUSS when compared to OMP. The achieved SNR
can be calculated from the mean �

2. For p = 0 the
SNRFOCUSS is 16.8 dB and for p = 0:5 it is 17.6 dB.

Test p # #r ��
2

1 ��
2

�
2

1 / �
2

10
�3

10
�3 %

FOC 0 5.48 4.69 20.4 21.1 44/42
OMP 5.48 4.67 22.4 23.1 50/46
FOC 0.5 5.51 4.93 16.3 17.4 50/38
OMP 5.51 4.71 21.8 21.5 45/41

Table 4: Experiments done on the modi�ed L-curve
method. r = 7, SNR target between 15 and 25 dB.
True SNR for generated data is 20 dB

The results has a lower SNR than the true SNR, but
the number of selected vectors is approximately 5.5
when r = 7 was used to generate the data.

In summary, the original L-curve scheme exerts
no strict controls over the approximation quality, and
this often results in the regularization parameter im-
properly choosing between quality of approximation
and sparsity, leading to an unreliable procedure. Our
proposed scheme remedies this by the requirement of
a target SNR, and procedures for determining the tar-
get SNR are presented. The target SNR enables set-
ting limits on the SNR desired of the approximations,
and then letting the L-curve algorithm �nd a good
trade o� between sparsity and quality of �t within the
controlled limits ensures robustness. In the context
of compression, the possibility of controlling bounds
for the error, while obtaining the minimum bit rate
at that error level can be a very desirable property.
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