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PerformanceAnalysisof CodedOFDM Systems
OverFrequency-SelectiveFadingChannels

JunZheng,ScottL. Miller

Abstract— This paper considers the performance analysis of
coded OFDM systemsover fr equency-selective fading channels.
It is shown that both the random coding upper bounds and the
strong converselower boundsof a codedOFDM systemconverge
to the channel outageprobability for large OFDM block lengths.
Thus primary attention is given to the analysisof the outageprob-
ability , which is takenasthe optimal systemperformance.

Instead of evaluating the outage probability numerically, we
provide in this paper a simple analytical closeform approxima-
tion of the outage probability for a coded OFDM system over
fr equency-selective quasi-static fading channels. Simulation re-
sults of the turbo-coded OFDM systemsfurther confirm the ap-
proximation of the outageprobability.

I . INTRODUCTION

ORTHOGONAL frequency-division multiplexing
(OFDM) hasrecentlyreceivedincreasedattentiondueto

its capability of supportinghigh-data-ratecommunicationsin
frequency-selectivefadingenvironmentsthatcauseintersymbol
interference(ISI) [1][2]. Insteadof usinga complicatedequal-
izerasin conventionalsinglecarriersystems,theISI in OFDM
canbeeliminatedby addingaguardinterval whichgreatlysim-
plifies the receiver structure.However, in orderto achieve the
frequency diversityprovidedby themultipathfading,anappro-
priatefrequency interleaving followedby a forwarderror cor-
rectioncodeis necessary.

Although a considerableamountof researchhasaddressed
the designand implementationof codedOFDM systemsfor
frequency-selectivefadingchannels,eg.,[3]-[5], comparatively
few of themprovide satisfactoryperformanceanalysisof such
systemsbecauseof the complicatednatureof this problem.
Here we consider a frequency-selective quasi-staticfading
channel,which is a reasonableassumptionfor an indoorwire-
lessenvironment that hasmultipath fading but exhibits very
slow changesovertime,modeledasquasi-static.Unlikecoding
in AWGN channels,wherethereis onedominantpairwiseerror
probability, relatedto theminimumdistanceof a blockcodeor
the free distanceof a convolutional code,that determinesthe
systemperformance,all pairwiseerror probabilitiesin a fad-
ing codedOFDM systemdecreaseasinversepolynomialof the
signal-to-noiseratio (SNR).Thusthepowerful union-Chernoff
boundwill be too looseat any rangeof SNR whenthe block
lengthis large.

Motivatedby theperformanceanalysisresultson block fad-
ing channelsin [10], the randomcodingupperbounds[6][7]
andthestrongconverselowerbounds[8] of theperformancefor�
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Fig. 1. Frequency modelof acodedOFDM system

a codedOFDM systemareprovidedandshown to convergeto
thechanneloutageprobability for largeOFDM block lengths.
Hencewe focus our primary attentionon the channeloutage
probabilityandtakeit asthetheoreticalachievableperformance
indicatorfor thecodedOFDM system.

Insteadof evaluatingthe outageprobability numerically, a
much more simple analytically close form approximationof
the outageprobability is provided in this paper. Startingfrom
the capacityapproximationof the binary input alphabetchan-
nel, the outageprobability for a codedOFDM systemover
frequency-selective fadingchannelsis approximatedandsim-
plified to aanalyticallytractableform. Simulationresultsof the
realoutageprobabilityaswell astheperformanceof apractical
turbo-codedOFDM systemfurtherconfirmsthefitnessof this
approximation.

The rest of the paper is organizedas follows. The sys-
tem model including the codedOFDM schemeaswell asthe
frequency-selectivequasi-staticfadingchannelaredescribedin
sectionII. In sectionIII, theupperandlowerboundof theper-
formancefor a codedOFDM systemis provided and shown
to converge to the outageprobability for large OFDM block
lengths. A simpleanalyticalcloseform approximationof the
outageprobability is alsoprovided in this section. Numerical
resultsaregivenin SectionIV. Finally, conclusionsaredrawn
in SectionV.

I I . SYSTEM MODEL

Considerthe frequency model of a codedOFDM system
illustrated in Fig. 1. A block of � source bits, denoted���	��
������������
����

, is encodedand mappedinto a codeword� ����� � ���������������
. Each

�! 
is from a complex alphabet" .

There are # codewords and the code rate is definedto be$ �%��&('*),+ # ��-�. . Notethatherewecombineencoder, mapper,
and interleaver togetherto form onesuperencoder. This en-
coderis followedby

.
dependentparallelsub-channels,each

representinga different subcarrier. According to the tapped-
delay-linemodel [9], the fadingcoefficients /  are relatedto
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thefadingenvelope0  through

1325476 � 0 25476� �������� 0 284769 �;:<��������;: =?>A@ �CB � � (1)DE25476 � / 28476� ��������� / 25476� = >F@ �CB � �
(2)DE25476 � GIHKJLHM� 1325476 � (3)

wheretheFouriertransformationmatrix
G HKJLH

is givenby

GN�
OQP ORP S�S�S ORPOQP O � S�S�S O �CT �OQP O + S�S�S O + 2 �QT � 6
...

...
...

. . .OQPUO �CT � S�S�SVO 2 �QT � 6*2 �CT � 6
� O �XW T<Y[Z�\H S

(4)
A quasi-staticfading environment is adoptedin which the

fadingenvelope1 is assumedto beconstantduringoneOFDM
block,but independentfrom block to block. A Rayleighfading
distribution is consideredin this paperwherethe probability
densityfunction(pdf) of ]^0  ] is givenby_L` a*b(` �7�c�d�fehg��F��i�jlkm��nCg�� + ��� �poq: S (5)

It is furtherassumedthateachtaphasthesameaveragepower
(thismodelcanbegeneralizedto haveanon-rectangularpower
profile).

Thereceivedoutputvectorsr aregivenby

s  c� /  ��� KtMum �� vw�%xy����������.z�
(6)

wheretheadditive complex Gaussiannoise { um ;| are
v S v S7} with

variance
. P . The receiver is assumedto have perfectknowl-

edgeof thechannelstateinformation(CSI)andperformsmaxi-
mumlikelihoodsequencedetectionbasedontheobservationof
thereceivedvector r .

I I I . PERFORMANCE ANALYSIS

A. Upper and Lower Bounds

Malkamaki in [10] introducesa performanceanalysistech-
nique implementingthe randomcoding upperboundand the
strongconverselowerboundonquasi-staticblock fadingchan-
nels, which resultsin an excellent convergenceof thesetwo
boundsaswell astheoutageprobabilityfor largechannelblock
lengths.Motivatedby thefactthatanOFDM systemcanalsobe
viewedasan

.
-parallelblock fadingchannelwhereeachsub-

channelcontainsonly one singleblock component,the same
methodcanthusbe appliedto quasi-staticfadingOFDM sys-
tems.

Implementingthe techniquesintroducedin [10], via slight
modifications,we obtaintherandomcodingupperbound(see,
e.g., [6], and [7]) and the strongconverselower bound(see,
e.g.,[7], and[8]) for the OFDM systemintroducedin Section
II.

~�� � D ��� e Th��� H 25��� D 6 � for
:�� $��%� ��� D ���x��

for
$ o � ��� D ��� (7)

~ a � D �c� e Th���d���H 25��� D 6 � for
$ o � � � D ���x��

for
:�� $���� � � D ��� (8)

where

� ��� $ - D �c�����LjP[�h�� � ���,j�
x.
�
 5� � � P �7������ �- /  ���n�� $ �

(9)

�R���� � $ - D �c� ���,jT � �<�[��P �� 7¡�
x.
�
 8� � � P �������  - /  ��n¢� $ �

(10)

� P �7�����  - /  �
�%nC&('*),+

£ b ¤,b �� ����� *�7¥!� s  ;-��! �� /  *�
� �2 �§¦ � 6 �(¦ � �

(11)

and

� ��� D ��� x. ���,j�©¨ � �«ª¬ r ª - D �c�
x.
�
 8� � ���Lj� b ¨ �7�! ¬®s  �- /  *� S

(12)
The above formulas describethe upperand lower bounds

of the performanceof a codedOFDM systemwith rate
$ ��°¯7±,² + # ��-�. . Equation(7) is theupperboundof theblockerror

probability averagedover the ensemblecodebookconditioned
uponthefadingcoefficientsD assumingML decodingwith per-
fect channelstateinformation.Equation(8) is theupperbound
of thecorrectdecodingprobabilityfor any code.

Notethatin theabovebounds,it is very difficult to optimize
thedistribution

�� ����c�
undera generalizedcomplex alphabet" .

However it is easyto prove that theuniform distribution is op-
timum whenthe alphabetis symmetricon the complex plane
suchaswith M-ary PSK.Furthermore,mostof thetime,weare
only interestedin aninputalphabetthathasanequalprior prob-
ability distribution. Thusin thefollowing discussions,theinput
alphabetis restrictedto a uniform input distribution. In this
paper, the transitionalprobability

¥!� s  -��  � /  � in (11) is given
by ¥!� s  -��  � /  �c� x

³ . P
i�j�kK�;n ] s  n /  �  ] +. P

� S (13)

Finally, it mightbeinsightful to makeacomparisonbetween
our quasi-staticfading OFDM channeland the block fading
channelin [10]. First, insteadof having independentfading
on differentsub-channelsin a block fading channel,the fad-
ing coefficients /  of differentOFDM sub-carriersare corre-
lated. Second,even thougheachOFDM sub-carrierhasblock
length

x
whenviewed asa parallelblock fadingchannel,the

convergenceof theupperboundandlowerboundstill existsfor
OFDM systemhaving largenumberof subcarriersasis shown
in thefollowing section.This is in contrastto theconvergence
conditionof a block fadingchannel(largeblock length).

B. Outage Probability and System Performance

Averagingthe conditional upper bound (7) and the lower
bound(8) over thefadingvectorD yields

~�� � � D ~�� � D �
� ´ e T<���µH 28��� D 6 � _ � D � } D t ´Fx�� _ � D � } D � (14)
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and

~ �C� � D x�n ~ a � D �
o ´ x�n¶e T<��� ���H 25��� D 6 � _ � D � } D t ´ :·� _ � D � } D � (15)

where ¸ � { D ] � ��� D �µ� $ | S (16)

When the numberof OFDM sub-carriers
.

is sufficient
large, it is obvious to demonstratethat both the upperbound
(14)andthelowerbound(15)convergeto theoutageprobabil-
ity
~�¹ ��'*º¼»�

, which is definedas

½d¾ ��'*º¼»�c� ´ x�� _ � D � } D � ~�¹ � � �E� D �µ� $ � S (17)

Sincetheupperboundis theensembleaverageperformance
of all codebooks,but the lower boundis for any code,there
mustexists at leastonecodingschemewhoseperformanceis
boundedby (14), (15) andconvergesto (17) as

.
goesto in-

finite. Fromnow on, we will focusour attentionon theoutage
probability, which will be usedas an indicatorof the system
performance.

C. Conditional Sub-channel Capacity

For simplicity, the input alphabet" is constrainedto bebi-
nary, while extensionto larger input alphabetsis straightfor-
ward. Accordingto thechanneltransitionprobability(13), the
conditionalsub-channelcapacityis givenby

� �7¿< ��c�q���,j� b ¨ ���� ¬Às  �- /  ;���
x¯^±L²�e e�¿< �n

£ b
xÁ ³ ¿  ¯^±L² Â�±LÃ�Ä ÅwÆ s  §Ç ��i�j�k n ] s  �n¶e�¿< ] +Á ¿  }�s  �

(18)

where ¿  � ]8/  ] + � �ÉÈ. P S (19)

With thecapacityexpressedin suchacomplicatedform, it is
almostimpossibleto performany analysison theoutageprob-
ability. Fortunately, this binary input conditionalchannelca-
pacity is well approximatedby thefollowing simpleanalytical
form � ��¿3 *�cÊ%x�n¶i�j�kK�;nÉËA¿< *���ÌËÍ�%x S e Á S (20)

Thedetailsof thederivationof thisapproximationareprovided
in AppendixA of [12].

Resultsof the the exact sub-channelcapacitygivenby (18)
throughnumericalintegrationversusthe approximationgiven
by (20) are depictedin Fig. 2. From the plot, it is seenthat
theexactconditionalchannelcapacityis well approximatedand
almostidenticalto theapproximatedform.
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Fig.2. Approximationof theconditionalsub-channelcapacityfor binaryinput
channels

D. Approximation of the Outage Probability

Whenthe channelis frequency selective andspreadover
g

taps,it is quiteclearfrom (18)and(12) that
� ��� D � is a highly

non-linearfunctionof thevector D . Generally, it is very diffi-
cult or impossibleto get the cdf (or pdf) of a randomvector’s
non-lineartransformation.In this paper, insteadof evaluating
the systemperformancenumerically, we provide an approxi-
matebut simpleanalyticalform for this outageprobability.

Plugging(20) into (12),we have

� ��� D �µÊzx�n x.
�
 8� � i�j�kK�;nÉËA¿< ����ÌËÍ�Xx S e Á S (21)

where
¿  

is givenby (19). If we performa Taylorseriesexpan-
sion on eachexponentialterm in the above equation,(21) can
bewrittenas

� ��� D ��Ê%x�nÍÎYÀ� P
�
 5� �

�;nÉËA¿  � Y.Ï��ÐhÑ S (22)

Usingthefollowing factof anexponentialrandomvariable,

� ¿ Y �?Ð<Ñ,� � ¿  Y �
(23)

it is reasonableto extendthispropertyfrom theensemblemean
to thesamplemeanby

x.
�
 8� � ¿

Y Ê?ÐhÑ,� x.
�
 8� � ¿  

Y S (24)

Substituting(24) into (22), the instantaneouschannelcapacity� � � D � canbefurthersimplifiedto be

� ��� D �µÊ x�n ÎYÀ� P
n�ËÒ� x.

�
 8� � ¿3 

Y

� x�n x
xÓtMËÒ� �� � 8� � ¿  S (25)
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Fig. 3. Randomcodingupperboundandthestrongconverselower boundas
well as the approximatedoutageprobability for a codedOFDM systemwithÔÖÕ%×ÀØ�Ù�Ú

subcarriersover a frequency-selective fading channelwith Û Õ×�Ü°ÙLÜ7Ý
paths.

Plugging(25)into theoutageprobabilitydefinition(17),wecan
geta muchmoresimplifiedoutageprobabilityform

~�¹ ��'*º¼»�cÊ ~�¹ x.
�
 8� � ¿3 µ�

$�;x�n $ ����Ë S (26)

Accordingto (3) and(19),weknow thatthesamplemeanof¿  
is a quadratictransformationof D (or 1 ) givenby

Þ � x.
�
 8� � ¿  �

x. 1�ß G ß G 1 �ÉÈ. P
� 1�ß � 1 ��È. P S (27)

From (5), we know that the 0  are
g

independentGaussian
randomvariables. This meansthat Þ is a central à + random
variablewith

ehg
degreeof freedom,andtheoutageprobability

is givenby thecdf of this randomvariable

~�¹ ��'*º¼»�cÊzxyn�i�jlk n $ gËq�;x�n $ � ¿ È
9 T �
� � P

x
� Ñ

$ gËf��x�n $ � ¿ È
� �

(28)
where ¿ È � �ÉÈ.Cá S (29)

When
¿ Èãâ x

, theoutageprobabilityreducesto

~�¹ ��'*º¼»�cÊ xg�Ñ � $ gËq�;x�n $ � ¿ È 9 S (30)

It is quiteclearfrom (30) that thesystemcanachieve maxi-
mumdiversityorderof

g
, whichis exactly thenumberof paths.

However, in orderto achievethis maximumdiversity, a power-
ful channelcodingschemeshouldbeimplemented.

IV. NUMERICAL AND SIMULATION RESULTS

A. Upper Bounds and Lower Bounds

The randomcoding upperboundaveragedover the fading
coefficientsbasedupon(7) and(14) aswell asthestrongcon-
verselowerbound(8) and(15)werecomputednumerically. We
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Fig. 4. Upperand lower boundsfor threecodedOFDM systemsof differ-
ent numbersof subcarriers,

ÔäÕå×ÀØ�Ù�ÚLÜ°Ù�æ�çLÜ°ç�Ú
, transmittedover frequency-

selective fadingchannelswith Û Õ�Ù paths.

assumea binarysymmetricchannelmodel(performharddeci-
sionsbeforeML detection)and a Rayleighdistribution of 0  
with a rectangularmultipathpower profile. Resultsfor these
two boundsand the approximatedoutageprobability are de-
pictedin Fig. 3 for acodedOFDM systemwith

.è�%x�:,e Á
sub-

carrierstransmittingover a frequency-selective fadingchannel
with severaldifferentnumbersof paths.

Theoretically, theoutageprobabilityis greaterthanthelower
boundbut lessthantheupperboundwhich is exactly thecase
shown in theaboveplot, althoughonly anapproximatedresult
is usedhere.Furtherfrom Fig. 3, weseethatthelowerboundis
only about1dBfrom theupperbound,whichindicatesthatboth
of theseboundsandalsothe approximatedoutageprobability
arequitetight andavalid performanceindicationof thesystem
for largeblock lengths.

To seethesensitivity of thetightnessof theboundsin terms
of theblock length,wedepictin Fig. 4 theboundsfor thesame
rate

$ ��x�-�e
systemunderthreedifferentblock lengths.From

it, we seethat the two boundsand the approximatedoutage
probabilityarereasonablytight when

.èofe,éLê
.

B. Outage Probability

Fig. 5 shows theexactoutageprobabilityaswell asour ap-
proximatedresultsfor thecodedOFDM systemwith

.ë��x�:Le Á
subcarriersfor variousnumbersof paths,

gì�íeïîÏð
. From

that plot, we seethat the exact outageprobability is well ap-
proximatedby (28), especiallywhen the numberof indepen-
dentpathsis large.This is expectedbecausetheapproximation
in (24) becomesmoreaccuratewhentherearea largenumber
of independentrandomvariables.

C. Results of Practical Codes

In orderto get an indicationof how closewe canget to the
theoreticaloutageprobabilitywith practicalcodes,simulations
werecarriedout usingvariouscodingschemes.In Fig. 6, and
Fig. 7 thesimulatedblockerrorprobabilityof a rate

xy-�e
termi-

natedconvolutional codewith constraintlength ñ �©ð
and
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Fig. 6. Block error probability of a rate
×®õ�Ù

terminatedconvolutional code
with constraintlength ö Õ�ô andgeneratorpolynomial ÷ æ�ç,×�Ü�øÀæ�Ý,ù compared
with theapproximatedoutageprobability.

generatorpolynomial
�§é,ê¼xy�ú�é,û¼�

as well as a rate
x�-�e

turbo
codewith generatorpolynomial

�;úy�;é¼�
arecomparedwith the

approximatedoutageprobabilityfor differentnumbersof pathsgX�üx���e<�;û
. Fromtheplotsabove andothersimulationresults

(which are not presentedheredue to length constraints),we
canseethat theoptimumsystemperformancecanbeachieved
by somenearShannoncapacitycodingschemes,suchasturbo
code.This is a directresultof theinformationtheoreticalanal-
ysisapproachesadoptedin this paperfor theevaluationof the
codedOFDM systemperformance.

V. CONCLUSION

In thispaper, performanceanalysisof codedOFDM systems
areinvestigatedover frequency-selectivefadingchannels.Both
therandomcodingupperboundsandthestrongconverselower
boundsarederivedandshowntoconvergeto thechanneloutage
probability for large OFDM block lengths. Hencethe outage
probability draws primary attentionin this paperandis taken
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Fig. 7. Block errorprobabilityof a rate
×®õ�Ù

turbocodewith componentgen-
eratorpolynomial ÷ ø�Ü�æ,ù comparedwith theapproximatedoutageprobability.

as the optimal performanceindicator of a codedOFDM sys-
tem. Insteadof evaluatingthe outageprobability numerically,
anapproximatebut analyticallycloseexpressionof theoutage
probability is provided. Numericalresultsof the exact outage
probabilityaswell asthesimulationresultsof apracticalturbo-
codedOFDM systemwell demonstrateandfurtherconfirmsthe
fitnessof thisapproximation.

Throughoutthe discussionin the paper, we find this ap-
proximationof the outageprobability not only providesus a
guidanceon evaluatingvariouscodingschemesfor the coded
OFDM system,but alsoservesasahandytool to comparewith
othercommunicationsystemsoperatingin thesamemultipath
fadingenvironment.
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