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Abstract— This paper presents vector quantization (VQ) tech-
niques in the context of multiple-antenna systems with finite-rate
feedback. For MISO systems, we introduce a new design crite-
rion and develop the corresponding iterative design algorithm for
quantization of the beamforming vector. For complexity-limited
systems, tree-structured VQ is also examined and compared
with the full-search VQ method. The method is extended to
MIMO channels by employing a parameterization method that
exploits the orthonormality in the spatial information matrix
and using the MISO approach in a sequential manner. The
parameterization method can also be used to develop an effective
low-complexity scheme to deal with quantization of time-varying
channels. Also briefly discussed is a matrix quantization method
for feeding back the beamforming matrix in MIMO spatial
multiplexing systems.

I. I NTRODUCTION

In recent years, multiple-antenna communication systems
have been studied intensively because of the potential im-
provements in data transmission rates and/or link reliability.
The performance achievable using multiple antennas depends
on the nature of channel state information (CSI) available
at the transmitter and at the receiver. We assume perfect
CSI at the receiver and focus on the CSI at the transmitter
(CSIT). When the transmitter has perfect CSIT, a higher
capacity link can be achieved in the single user case, and
there are other benefits such as lower complexity receivers
and better system throughput in a multiuser environment.
However, the assumption that the transmitter has perfect
knowledge of the multi-dimensional channel is unrealisticas
in many practical systems the channel information is provided
to the transmitter through a finite-rate feedback channel.
In this paper, we focus on the quantization of multiple-
antenna channel information with a finite number of bits.
Many interesting feedback methods have been suggested and
evaluated mainly through simulations. Only recently more
systematic methods to quantify analytically the performance
of finite-rate feedback systems have begun to appear [1], [2].
Our work is along these lines of inquiry and attempts to
further the design methodology and analytical understanding
of quantized beamforming systems.
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We use the following notations.A† indicates the conjugate
transpose of matrixA. The inner product between two vectors
is defined as〈u, v〉 = u†v and the 2-norm of vectorv is
denoted by‖v‖ = 〈v, v〉1/2. Ñ (µ,Σ) is the proper complex
Gaussian random vector with meanµ and covarianceΣ.
Uniform distribution over a setS is denoted byU(S). The
function log(·) is the natural logarithm.

II. B EAMFORMING VECTORQUANTIZATION FOR MISO
CHANNELS

For a MISO channel, the channel information that we want
to feed back is a complex unit-norm beamforming vector. We
treat the problem as a vector quantization (VQ) problem, a
subject that has received much attention in source coding [3].
The often employed mean squared error (MSE) criterion in
source coding, though convenient for quantization design,is
not very suitable in this context because the more appropriate
criteria for communication systems is channel capacity or
signal-to-noise-ratio (SNR). For effective quantizer design, in
this section we propose a new design criterion, namely, max-
imizing the mean squared weighted inner-product (MSwIP)
which is directly related to channel capacity.

A. System Model

We consider a MISO system witht antennas at the trans-
mitter. Assuming flat-fading, the multiple-antenna channel is
modeled by the channel vectorh ∈ C

t. That is, the channel
inputx ∈ C

t and the channel outputy ∈ C have the following
relationship:

y = h†x + η (1)

whereη is the additive white Gaussian noise distributed by
Ñ (0, 1). The average transmit power is denoted byPT , i.e.,
E[x†x] = PT . The channel vector will be also written in term
of its magnitude and direction ash = αv, whereα = ‖h‖
andv = h/‖h‖.1

We assume that perfect channel information is known to
the receiver. It is well-known that, with perfect CSIT, transmit
beamforming alongv is the optimum choice for maximizing
the received SNR and also the mutual information. In this
section, we consider quantization of the unit-norm vector for

1Though not explicitly indicated for notational simplicity,note that
throughout the paperα andv (also v̂ later) are functions ofh.



feedback to the transmitter through a feedback channel. The
capacity of the feedback channel is assumed to be finite
and limited to B bits per channel update. A quantization
codebookC = {v̂1, . . . , v̂N}, ‖v̂i‖ = 1, N = 2B , is known
to both the receiver and the transmitter. Based on the channel
information, the receiver selects the best beamforming vector,
say v̂, from the codebook and sends the corresponding index
for the selected beamforming vector to the transmitter. We
assume feedback with no error and no delay, and focus on
the design of the quantizer, i.e., codebook.

At the transmitter,̂v is employed as transmit beamforming
vector (‖v̂‖ = 1). That is, an information-bearing symbols ∈
C is transmitted asx = v̂s, resulting in

y = α〈v, v̂〉s + η (2)

where E[|s|2] = PT . In this setting, the received SNR is
simply given by SNR = α2|〈v, v̂〉|2PT . And the mutual
information betweens andy for given h and v̂ is given by

I(h, v̂) = log
(

1 + α2 |〈v, v̂〉|2 PT

)

(3)

in nats per channel use, where it is assumed thats ∼
Ñ (0, PT ). It is obvious thatI(h, v̂) with finite B is less than
the mutual information with perfect feedback (withB = ∞)

I(h, v) = log(1 + α2PT ) (4)

since|〈v, v̂〉|2 is always less than one.
The capacity loss due to quantization of beamforming

vector is given by

CL = E
[

I(h, v)
]

− E
[

I(h, v̂)
]

= E
[

IL(h, v̂)
] (5)

whereE
[

I(h, v)
]

and E
[

I(h, v̂)
]

are the ergodic capacities
when the transmitter uses the optimum and the quantized
beamforming vector, respectively; andIL(h, v̂) = I(h, v) −
I(h, v̂). With a little manipulation, it can be rewritten as

IL(h, v̂) = − log
(

1 − α2PT

1 + α2PT

(

1 − |〈v, v̂〉|2
)

)

. (6)

B. The MSwIP Criterion and VQ Design Algorithm

For designing a quantizer for the beamforming vector,
a good design criterion could be maximizing the expected
mutual information.

max
Q(·)

E log(1 + |〈h,Q(h)〉|2PT ) (7)

wherev̂ = Q(h) is the quantized beamforming vector (‖v̂‖ =
1). The design criterion of (7) is equivalent to minimizing the
capacity loss defined in (5). However, unfortunately the design
criterion does not lead to an iterative quantizer design algo-
rithm with monotonic convergence property2, since generally
there is no analytical expression for the optimum code vector
as a function of a given quantization cell [1]. In order to avoid

2Monotonic convergence means here that an improved design is guaranteed
at every iteration.

the convergence problem, instead of using the direct form of
the capacity loss, we first consider an approximation to the
capacity loss. We return to the design based on (7) later and
develop an iterative design method in Section II-D.

WhenPT ≪ 1, or when|〈v, v̂〉| is close to one (which is
valid whenN is reasonably large),

CL ≃ E
[

α̃2(1 − |〈v, v̂〉|2)
]

(8)

where α̃ =
√

α2PT

1+α2PT

. This is a result of the fact that
under the above conditions, (6) can be approximated as
IL(h, v̂) ≃ α̃2(1 − |〈v, v̂〉|2) using − log(1 − x) ≃ x for
small x. This approximation leads to the following quantizer
design criterion.

New Design Criterion: Design a quantizer to maximize the
mean squared weighted inner-product (MSwIP),

max
Q(·)

E
∣

∣〈α̃v,Q(h)〉
∣

∣

2
(9)

where v̂ = Q(h) is the quantized beamforming vector
(‖v̂‖ = 1). This VQ design criterion will be called theMSwIP
criterion.

One of virtues with the MSwIP criterion is that itdoes lead
to a closed-form VQ design algorithm. The design algorithm
is similar in nature to the Lloyd algorithm in VQ study
which is based on two conditions: the nearest neighborhood
condition (NNC) and the centroid condition (CC) [3]. The
same approach is used here for designing the quantizer.

New Design Algorithm:
1. NNC: For given code vectors{v̂i ; i = 1, . . . , N}, the

optimum partition cells satisfy that fori = 1, . . . , N ,

Ri =
{

h ∈ C
t : |〈α̃v, v̂i〉| ≥ |〈α̃v, v̂j〉|,∀j 6= i

}

. (10)

whereRi is the partition cell (Voronio region) for theith code
vector v̂i. α̃ does not impact the partitioning.

2. CC: For a given partition{Ri ; i = 1, . . . , N}, the
optimum code vectors satisfy that fori = 1, . . . , N ,

v̂i = arg max
v̂∈Ri, ‖v̂‖=1

E
[

|〈α̃v, v̂〉|2
∣

∣ h ∈ Ri

]

. (11)

SinceE
[

|〈α̃v, v̂〉|2
∣

∣ h ∈ Ri

]

= v̂†E
[

α̃2vv†
∣

∣ h ∈ Ri

]

v̂, the
solution for the above optimization problem is

v̂i = (principal eigenvector) of E
[

α̃2vv†|v ∈ Ri

]

. (12)

The above two conditions are iterated untilE
∣

∣〈α̃v,Q(h)〉
∣

∣

2

converges. In practice, a quantizer is designed using a suf-
ficiently large number of training samples (channel realiza-
tions). In that case, the statistical correlation matrix in(12) is
replaced with a sample average.

Beamforming Vector Selection (Encoding): For a given
codebookC = {v̂1, . . . , v̂N}, the receiver encodes as follows3

v̂ = Q(v) = arg max
v̂i∈C

|〈v, v̂i〉|. (13)

3Encoding process in codebook designing is denoted byQ(v) since it
only depends onv, while in designing a codebook in (9) the encoding is also
dependent onα, hence, it is denoted byQ(h).



By the encoding scheme, the unit-norm hypersphereSt =
{u ∈ C

t : ‖u‖ = 1}, where random vectorv lies, is
partitioned into{R̄i; i = 1, . . . , N}, where

R̄i =
{

v ∈ St : |〈v, v̂i〉| ≥ |〈v, v̂j〉|,∀j 6= i
}

. (14)

The encoding scheme (13) can be restated simply asQ(v) =
v̂i if v ∈ R̄i.

C. Two Related Design Methods

The MSwIP design method is general and can be applied
even for spatially correlated channels. It should be pointed
out that, with the MSwIP criterion, generally the quantizer
is optimized for a particular SNR (orPT ). As a result, we
may need more than one codebooks especially if the system
has multiple operating SNR points.4 Therefore, it would be
interesting to find other design methods that do not depend
on PT .

As the SNR increases (PT → ∞), α̃ → 1; hence, the
MSwIP criterion in (9) reduces to

max
Q(·)

E
∣

∣〈v,Q(v)〉
∣

∣

2
(15)

wherev̂ = Q(v) is the quantized beamforming vector (‖v̂‖ =
1). This design criterion will be called theMSIP criterion. One
can see that this criterion is based only onv and independent
of α and PT . A design algorithm corresponding to this
criterion is obtained by replacing̃α in the NNC and the CC
for the MSwIP criterion with1.

Another connection of the MSwIP criterion can be found
by considering the other extreme case. WhenPT ≪ 1 (in low
SNR region),α̃ ≃ √

PT α; hence, the original criterion in (9)
becomes

max
Q(·)

E
∣

∣〈h,Q(h)〉
∣

∣

2
. (16)

This design criterion is now based on the unnormalized
channel vectorh instead of v. The design algorithm can
be obtained by replacing̃αv in the NNC and the CC for
the MSwIP criterion withh. This VQ design method was
proposed and studied by Narula et. al. [1]. Note that the design
objective also can be said to be maximizing the expected
received SNR.

It should be pointed out that when the channel hasi.i.d.
entries, i.e.,h ∼ Ñ (0, It), the three design methods are
equivalent, all maximizingE[SNR] or E|〈v, v̂〉|2. Therefore,
one can use the MSIP method. This is a consequence of the
fact that for random channelh ∼ Ñ (0, It), v = h/‖h‖ is
independent ofα = ‖h‖ and uniformly distributed over the
unit-norm sphereSt. However, for general spatially-correlated
channels, the three criterions are different since nowα andv
arenot independent.

4The method can be readily adapted to variability in SNR.

D. VQ Design Method based on Maximizing Capacity

We now consider a VQ design method that is targeted to
maximizing the average mutual information, i.e., the criterion
in (7).

Design Algorithm:
1. NNC: For given code vectors{v̂i ; i = 1, . . . , N},

redefine the partition cells based on the mutual information
measure. This results in the same NNC (10) as for the MSwIP
criterion.

2. CC: For a given partition{Ri ; i = 1, . . . , N}, the
optimum code vectors satisfy fori = 1, . . . , N ,

v̂i = arg max
v̂∈Ri

E
[

log(1 + |〈h, v̂〉|2PT )
∣

∣ h ∈ Ri

]

. (17)

In the context of VQ design from training channel samples,
assumeKi samples{hk}Ki

k=1 lie in the partition cellRi. To
fine the CC solution, we define a Lagrangian:

J =

Ki
∑

k=1

log(1 + v̂†Rkv̂) − λ(v̂†v̂ − 1)

where Rk = PT hkh†
k and −λ is the Lagrange multiplier.

From ∂J/∂v̂∗ = 0, we have
[

Ki
∑

k=1

Rk

1 + v̂†Rkv̂

]

v̂ = λv̂. (18)

The solution for (18) is not straightforward sincêv itself is
embedded in the matrix expression inside the bracket. We
consider the following iterative method for the CC solution.

v̂[n] = (principal eigenvector) of

[

Ki
∑

k=1

Rk

1 + v̂†
[n−1]Rkv̂[n−1]

]

(19)
wherev̂[n] is the solution after thenth iteration and̂v[0] is the
initial choice. The iteration (19) is terminated if the design
objective converges or decreases compared with the previous
iteration (note that monotonic convergence is not guaranteed).

The codebook obtained through the MSwIP method was
used as the initial code points for the above VQ design
algorithm that is based on mutual information objective. The
results show that the improvement from the additional step
is almost negligible, and suggests that the MSwIP design
method provides almost optimal codebooks also in the sense
of maximizing the average mutual information.

E. Design Examples and Tree-Structured VQ

With the MSwIP design algorithm, we can obtain an
optimum codebook for any number of transmit antennas
and any codebook sizeN . The performances of quantizer
codebooks designed with the MSwIP design methods are
shown in Fig. 1 in terms of the ergodic channel capacity. For
ease of comparison, all the capacities were normalized with
respect to that of the complete CSIT (CFull). The channel
is spatially correlated with the correlation model in [4]: A
linear antenna array is simulated with antenna spacing of half



wavelength and uniform angular-spread of[−30◦, 30◦]. As
expected, it turns out that in high SNR region the MSIP
method performs better than Narula’s method, and in low
SNR region the reverse relation holds. Moreover, the MSwIP
method always performs better than or equal to any of the
other two methods in the all SNR range. The performance
difference decreases asB increases.

We are also interested in quantifying the effect of quanti-
zation of beamforming vector with a finite number of bits on
the channel capacity. In [5], we analyzed the performance
for the MISO channel withi.i.d. entries using a simple
quantization-cell approximation for tractable analysis.The
analytical framework is fairly general and we were able to
obtain results for various performance measures includingthe
capacity loss, the outage probability and the symbol error
probability.

It is well-known that using VQ is the optimal way in
representing a signal vector. However, the computational
complexity can be high as searching the best code vector
from the codebook is proportional to the number of code
vectors. On the other hand, the VQ framework is quite rich
and provides for a variety of tradeoffs. For complexity-limited
systems, we can consider various suboptimal VQ methods
that have been already studied for source coding [3]. Tree-
structured VQ (TSVQ) is one effective technique for reducing
the search complexity (but with more storage). For a TSVQ
of q-ary tree withd stages (codebook sizeN = qd), the total
search complexity is proportional toqd rather thanqd in the
ordinary full-search VQ. Fig. 2 shows the performance of a
binary TSVQ (q = 2) for beamforming-vector feedback of
MISO channels (t = 2, 3, 4). Same design procedure as in [3,
Sec. 12.4] was employed except that in each stage our MSwIP
VQ design method was used. From simulation results, we can
see that there is some performance degradation compared with
the full-search VQ. For example, whent = 4 andB = 7 the
performance loss is about 1 bit.

III. B EAMFORMING MATRIX QUANTIZATION FOR MIMO
CHANNELS

A general MIMO channel has multiple orthonormal vectors
as channel spatial information for quantization. We briefly
discuss ways of extending the MISO methods to the MIMO
context.

A. System Model

We consider a MIMO system witht transmit andr receive
antennas. Now the channel is modeled by the channel matrix
H ∈ C

r×t. That is, the channel inputx ∈ C
t and the channel

outputy ∈ C
r have the following relationship:

y = Hx + η (20)

whereη is the additive white Gaussian noise vector distributed
by Ñ (0, Ir). We denote the rank ofH by m. And, the singular
value decomposition (SVD) ofH is given byH = UHΣHV †

H ,
whereUH ∈ C

r×r andVH ∈ C
t×t are unitary matrices and

ΣH ∈ R
r×t contains the singular valuesσ1 ≥ . . . ≥ σm > 0

of H. The transmit signal has the average transmit power
E[x†x] = PT .

The transmit beamforming along the first principal eigen-
vectors of H†H is the optimum choice in capacity sense.
Therefore, the firstn (1 ≤ n ≤ m) column vectors ofVH are
quantized for feeding back to the transmitter. For notational
convenience, let us denote theith column vector ofVH by
vi and define the firstn column vectors ofVH as V , i.e.,
V = [v1, . . . , vn].

The quantized matrix̂V = Q(V ) is employed as a transmit
beamforming matrix. That is, an information-bearing symbol
vector s = [s1, . . . , sn]T is transmitted throughx = V̂ s,
resulting in

y = HV̂ s + η. (21)

Here we assume thats ∼ Ñ (0,Φ) and Φ = PT ·
diag(γ1, . . . , γn) with γi ≥ 0 and

∑

i γi = 1. The vector
γ = [γ1, . . . , γn] will be calledpower allocation information.

B. Sequential Vector Quantization

Here, we summarize the key results that lead to the pro-
posed quantization method along with the method itself. For
more details, refer to [6].

1) An orthonormal-column matrixV ∈ C
t×n can be uniquely

represented by a set of unit-norm vectors with different
dimensions,q1 ∈ St, q2 ∈ St−1, . . ., qn ∈ St−n+1, where
St = {u ∈ C

t : ‖u‖ = 1}.
2) For random channelH with i.i.d. Ñ (0, 1) entries, each

unit-norm vector is uniformly distributed over the cor-
responding unit-norm sphere, i.e.,qi ∼ U(St−i+1) for
i = 1, . . . , n. Furthermore, the unit-norm vectorsqi are
statistically independent.

3) Fori = 1, . . . , n, the unit-norm vectorqi is quantized using
a codebookCi that is designed for random unit-norm vector
in C

t−i+1 with the MSIP criterion.

The basic idea of the sequential quantization method is to
quantize unit-norm vectors{qi} independently using a set of
codebooks{Ci}. The codebookCi is designed for random
unit-norm vector inSt−i+1 with the MSIP criterion. The
independence of the unit-norm vectors{qi} indicates that the
overall loss is minimal compared to joint quantization ofqi.

The multiple spatial channels in MIMO channels have
different contributions to the channel capacity because each
spatial channel has a different channel gain. This also has to
be taken into account while designing a quantizer, leading to
a problem of bit allocation.

C. Matrix Quantization Method

In feeding back the beamforming matrix, a more efficient
approach is to jointly quantize the multiple beamforming
vectors. We can extend the idea and the methodology of
the MSwIP VQ design method (for MISO systems) to the
problem of transmit beamforming for MIMO spatial mul-
tiplexing (SM) systems. Due to space limitations, we only



summarize the results and details can be found in [7]. As-
suming a fixed number of spatial channels and equal power
allocation, we propose a new design criterion for designing
the codebook of beamforming matrices that is based on
minimizing the capacity loss resulting from the limited rate
in the feedback channel. This can be viewed as an extension
of the MISO formulation. Using the criterion, an iterative
design algorithm that converges to an optimum codebook is
developed. Under thei.i.d. channel and high SNR assumption,
the effect on channel capacity of the finite-bit representation
of beamforming matrix is analyzed. Central to this analysis
is the complex multivariate beta distribution and tractable
approximations to the Voronoi regions associated with the
codepoints. Furthermore, to compensate for the degradation
due to the equal power allocation assumption, a multi-mode
SM transmission strategy is used wherein the number of
data streams is determined based on the average SNR. This
approach is shown to allow for effective utilization of the
feedback bits.

D. Feedback Method for Slowly Time-Varying Channels

For slowly time-varying MIMO channels, we proposed a
simple and practical quantization scheme based on param-
eterization [8]. A minimal number of scalar parameters are
extracted from the spatial information matrix by exploiting
the orthonormality in the spatial information matrix. In slowly
time-varying channels, the parameters are also found to be
smoothly changing over time. This observation motivated a
simple feedback scheme: Each parameter is independently
quantized using a simple adaptive delta modulation. The
results show that the proposed feedback scheme has a channel
tracking feature and achieves a capacity very close to the
perfect feedback case at a reasonable feedback rate.

IV. SUMMARY

We introduced several new vector quantization techniques
for feeding backing multiple-antenna channel information
through a finite-rate feedback channel. For MISO systems, we
proposed a new design criterion, namely, maximizing mean
squared weighted inner-product (MSwIP), and developed a
Lloyd-type quantizer design algorithm. With the MSwIP
quantizer design method, we can design the optimum beam-
forming codebook for arbitrary number of transmit antennas
and quantization bits, and for any spatial correlation structure
in channel. Then ways to extend the methodology for quanti-
zation in the context of MIMO channels were discussed. For
this purpose, transformation of an orthonormal-column matrix
to a set of unit-norm vectors with different dimensions is use-
ful. The unit-norm vectors are then quantized independently
using codebooks designed using the MSwIP criterion. We
also briefly discussed a joint quantization method for multiple
beamforming vectors in MIMO spatial multiplexing systems,
and a simple and practical feedback method for slowly time-
varying multiple-antenna channels.
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