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Abstract— In this paper, we investigate quantization of multi-
ple antenna channel to feed back through a low-rate feedback
channel. Specifically, for multiple-input single-output (MISO)
systems we propose a new design criterion and the corresponding
design algorithm for quantization of the random beamforming
vector. For multiple-input multiple-output (MIMO) channels,
which have multiple orthonormal vectors as channel spatial
information for quantization, a matrix factorization method is
proposed which provides a way to exploit the geometrical struc-
ture of orthonormality while quantizing the spatial information
matrix. Results show that the quantization bit allocation over
multiple spatial channels has a critical effect on the performance,
and that the optimum bit allocation depends on the operating
transmit power of the system.

Keywords— Multiple antennas, MIMO systems, channel state
information, vector quantization, transmit beamforming.

I. I NTRODUCTION

Communication systems using multiple antennas have at-
tracted considerable attention because of the potential im-
provements in transmission rate and/or link performance.
The capacity of a multiple antenna channel depends on the
availability of channel state information (CSI) at the trans-
mitter [1]. A higher channel capacity can be achieved when
the transmitter has perfect knowledge of channel by using
the channel information in transmission. However, in many
practical systems, especially when the channel information
is provided to the transmitter through a low-rate feedback
channel, perfect CSI at the transmitter (CSIT) is not possible.
Also perfect CSIT is almost impossible to be achieved in time-
varying channels. In a general MIMO flat-fading setting, the
feedback information is a beamforming (or precoding) matrix,
usually an orthonormal column matrix, and the power allo-
cation along the beams. There are a few studies dealing with
how to feed back the channel information. Some researchers
have worked on feedback of channel information in vector
form, for example, for MISO channels [2], [3] and for the
principal eigen-mode of MIMO channels [4]. Feedback of
channel information in matrix form for MIMO channels have
only recently begun to be addressed [5], [6].

For a MISO channel, the feedback information is a complex
unit-norm beamforming vector. In this paper, we look at the
problems as a vector quantization (VQ) problem. The conven-
tional mean squared error (MSE) criterion, though convenient
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for quantization design, may not be suitable because the more
appropriate criteria for effective communication is channel
capacity or signal-to-noise ratio (SNR). We propose a new
design criterion, namely,maximizing mean squared inner-
product (MSIP). A VQ design algorithm (modified Lloyd
algorithm) for the MSIP criterion was developed. A general
MIMO channel has multiple orthonormal vectors as channel
spatial information for quantization. A good quantizer needs
to exploit the geometrical structure of orthonormality while
quantizing the matrix spatial information. Also the multiple
spatial channels in MIMO channels have different contribu-
tions to the channel capacity because each spatial channel
has a different channel gain. This also has to be taken into
account while designing a quantizer, leading to a problem of
bit allocation.

We use the following notations.A† and AT indicate the
conjugate transpose and the transpose of matrixA, respec-
tively. In is then×n identity matrix and0m,n means them×n
zero matrix.diag(a1, . . . , an) is a square diagonal matrix with
a1, . . . , an along the diagonal. The inner product between two
vectors is defined as〈u, v〉 = u†v and the 2-norm of vectorv
is denoted by‖v‖ = 〈v, v〉1/2. E[ · ] represents the expectation
operator, andCN (µ,Σ) is the complex Gaussian random
vector with meanµ and covarianceΣ. Uniform distribution
over a setS is denoted byU(S). An m × n (m ≥ n) matrix
A with orthonormal columns, i.e.,A†A = In, will be called
orthonormal column matrix.

II. SYSTEM MODEL

We consider a multiple antenna system witht transmit and
r receive antennas. Assuming flat-fading, the MIMO channel
is modeled by the channel matrixH ∈ C

r×t. That is, the
channel inputx ∈ C

t and the channel outputy ∈ C
r have the

following relationship:

y = Hx + η (1)

whereη is the additive white Gaussian noise vector distributed
by CN (0r,1, Ir). We denote the rank ofH by m. And, the
singular value decomposition (SVD) ofH is given byH =
UHΣHV †

H , whereUH ∈ C
r×r and VH ∈ C

t×t are unitary
matrices andΣH ∈ R

r×t contains the singular valuesσ1 ≥
. . . ≥ σm > 0 of H. We impose a constraint on the transmit
power byE[x†x] ≤ PT .

We assume that perfect CSI is known to the receiver. The
transmit beamforming along the first principal eigenvectors of



H†H is the optimum choice in capacity sense [7]. Therefore,
the first n (1 ≤ n ≤ m) column vectors ofVH are to be
quantized and fed back to the transmitter as channelspatial
information. We assume a finite low-rate feedback channel
(B bits per channel update) without error and delay. For
notational convenience, let us denote thei-th column vector
of VH by vi and define the firstn column vectors ofVH asV ,
i.e., V = [v1, . . . , vn]. Also we defineΣ = diag(σ1, . . . , σn),
a submatrix ofΣH .

The quantized matrix̂V = Q(V ) is employed as a transmit
beamforming matrix. That is, an information-bearing symbol
vector s = [s1, . . . , sn]T is transmitted throughx = V̂ s,
resulting in the receive signal

y = HV̂ s + η. (2)

Here we assume thats ∼ CN (0n,1,Φ) and Φ = PT ·
diag(γ1, . . . , γn) with γi ≥ 0 and

∑

i γi = 1. The vectorγ =
[γ1, . . . , γn] will be calledpower allocation information. With
perfect knowledge of channel at the receiver, the optimum
power allocation can be calculated at the receiver [8]. We
will also consider quantizing and feeding back the power
allocation information. When the transmitter has the feedback
information(V̂ , γ̂), the instantaneous capacity (whenn = m)
is given by

CV̂ ,γ̂(H) = log det
[

In + V †V̂ Φ(γ̂)V †V Σ2
]

(3)

where Φ(γ̂) is the power allocation associated witĥγ, i.e.,
Φ(γ̂) = PT · diag(γ̂).

III. QUANTIZATION OF RANDOM BEAMFORMING VECTOR

In this section, we consider MISO channels witht transmit
antennas. The channel matrix is a row vector: let us denote
H = h† (h ∈ C

t). The channel vectorh is also repre-
sented in its magnitude and direction ash = σv, where
σ = ‖h‖ and v = h/‖h‖. It is well-known that transmit
beamforming alongv maximizes the received SNR and also
the mutual information. Before discussing quantization ofthe
random unit-norm vectorv, let us first find the probability
distribution. It is also well-known that for random channel
h with i.i.d. CN (0, 1) entries,v is independent ofσ and,
moreover, uniformly distributed over the unit-norm sphere
St = {u ∈ C

t : ‖u‖ = 1}.
Let us assume the transmitter uses a quantized version ofv,

v̂ = Q(v) (‖v̂‖ = 1) as transmit beamforming vector. Then,
the received signaly is represented as

y = σ〈v, v̂〉s + η (4)

wheres ∈ C (E[|s|2] = PT ) is the transmit symbol conveying
information data. And the received SNR is simply

SNR = σ2|〈v, v̂〉|2PT . (5)

Therefore, we can see that, for thei.i.d. channel, maximizing
E[SNR] is equivalent to maximizingE|〈v, v̂〉|2. This moti-
vates us to consider a new design criterion for quantization
of the directional vectorv.

A. The MSIP Criterion and VQ Design Algorithm

In this section, we will discuss the quantization of the
random beamforming vector and a new VQ design method
will be introduced.

New Design Criterion: Design a quantizer to maximize the
mean squared inner-product (MSIP), that is,

max
Q(·)

E
∣

∣〈v,Q(v)〉
∣

∣

2
. (6)

It would be instructive to compare the this criterion with
the MSE criterion, which is common in quantization study.
Since v and v̂ are both unit-norm, in the MSE criterion,
min E‖v − v̂‖2 is equivalent tomax E[Re〈v, v̂〉]. Therefore,
the two criterions are different.1 It turns out that the per-
formance (average SNR and also mutual information) of the
quantizer designed with MSIP criterion is superior to that with
MSE criterion.

Design Algorithm: One of the virtues with the MSIP
criterion is that it has a closed-form VQ design algorithm
(modified Lloyd algorithm). The original Lloyd algorithm
is based on two conditions: optimum encoder for a fixed
decoder, and optimum decoder for a fixed encoder [9]. They
are also called the nearest neighborhood condition (NNC) and
the centroid condition (CC). The same approach is used here.

1. NNC: For given code vectors{v̂i ; i = 1, . . . , N}, the
optimum partition cells satisfy

Ri =
{

v ∈ St : |〈v, v̂i〉| ≥ |〈v, v̂j〉|,∀j 6= i
}

, for i = 1, . . . , N
(7)

whereRi is the partition cell (Voronio region) for theith code
vector v̂i.

2. CC: For a given partition{Ri ; i = 1, . . . , N}, the
optimum code vectors satisfy

v̂i = arg max
v̂∈Ri

E
[

|〈v, v̂〉|2
∣

∣ v ∈ Ri

]

, for i = 1, . . . , N. (8)

Since E
[

|〈v, v̂〉|2
∣

∣ v ∈ Ri

]

= v̂†E[vv†|v ∈ Ri] v̂, the
solution of the above optimization problem is

v̂i = (principal eigenvector) of E[vv†|v ∈ Ri]. (9)

The above two conditions are iterated until the MSIP con-
verges. The MSIP method is similar to the VQ design method
developed by Narula [2]. It turns out that the two methods
perform differently in spatially correlated channels [10].

B. Numerical Results and Comparison with Other Criteria

We utilize the algorithm to design codebooks for differ-
ent dimensions and different number of quantization bits
B (N = 2B). Here, channels withi.i.d. CN (0, 1) entries
are considered. Fig. 1 shows an example fort = 3 with
different quantization bits. Note that whenB = ∞ the MSIP
E|〈v, v̂〉|2 = 1. For comparison, two other design methods are
considered: i)min maxi6=j |〈v̂i, v̂j〉|; and ii) min E‖v − v̂‖2

1Note that the two criterions are same for the real vector case,but not for
the complex vector case.



(MSE criterion). The first method was studied in [3], [4].
Although it can be another reasonable design criterion, there
is no close-form VQ design algorithm that can be employed
in designing a codebook for arbitrary dimension and arbitrary
codebook size. The codebooks compared in the figure are ones
that are tabulated for low number of quantization bits (B =
1, 2, 3) in [4]. Furthermore, the design approach developed is
useful irrespective of the distribution ofv, while the method
i) is only good for thei.i.d. channel. The results show that
the proposed MSIP method has a comparable performance (in
terms of MSIP) with the method i), and performs better than
the method ii).

The average capacity of MISO channel with quan-
tized channel feedback is given byCQ(v) = E[ log(1 +
PT σ2 |〈v,Q(v)〉|2) ]. Numerical results when the codebooks
designed with the MSIP criterion are shown in Fig. 2 (t = 3
and B = 1, . . . , 6). For comparison, the capacities for the
two extreme cases ofcomplete CSIT (CFull) and no CSIT
(CNone) are included in the figure. The comparative results
for the two competing methods in terms of MSIP also hold
for the capacity measure (results are not shown here).

A more general method for quantization of beamforming
vector, especially for spatially correlated channels, andalso
performance analysis of systems with quantized beamforming
can be found in [10]. In thei.i.d. channel, the method reduces
to the MSIP method in this paper.

IV. EXTENSION TO MIMO CHANNELS

In this section, we consider channel information quanti-
zation for MIMO channels witht transmit andr receive
antennas. As mentioned in Section II, the channel spatial
information we want to feed back is at × n orthonormal
column matrixV = [v1, . . . , vn] (n ≤ m ≤ t). First, for ease
of readability, we summarize the key results that lead to the
proposed quantization method along with the method itself.

1) An orthonormal column matrixV ∈ C
t×n can be

uniquely represented by a set of unit-norm vectors
with different dimensions,q1 ∈ St, q2 ∈ St−1, . . .,
qn ∈ St−n+1, whereSt = {u ∈ C

t : ‖u‖ = 1}.
2) For random channelH with i.i.d. CN (0, 1) entries, the

each unit-norm vector is uniformly distributed over the
corresponding unit-norm sphere, i.e.,qi ∼ U(St−i+1)
for i = 1, . . . , n. Furthermore, the unit-norm vectorsqi

are statistically independent.
3) For i = 1, . . . , n, the unit-norm vectorqi is quantized

using a codebookCi that is designed for random unit-
norm vector inC

t−i+1 with the MSIP criterion.

The above three items will be dealt with in the following three
subsections.

A. Vector-Form Parameterization of Spatial Information

Let us start with a Lemma that will play an important role
in vector-form parameterization of spatial information.

Lemma 1: Consider a unitary matrixG1 whose first col-
umn isv1, the first column ofV , and the remainder columns

are arbitrarily chosen to satisfy the unit-norm and the mutual
orthogonality property. Let us consider multiplicationG†

1V .
Then, it has the form of

G†
1V =

[

1 0
0 V (2)

]

(10)

whereV (2) is a (t− 1)× (n− 1) orthonormal column matrix
and0’s are zero matrices with appropriate sizes.

Proof: DenoteG1 = [v1 |B], whereB is a t × (n − 1)
orthonormal column matrix and satisfiesv†

1B = 01,n−1; and
also denoteV = [v1 |C]. Then, we can easily show

G†
1V =

[

v†
1

B†

]

[

v1 C
]

=

[

v†
1v1 v†

1C
B†v1 B†C

]

=

[

1 0
0 V (2)

]

.

Since(G†
1V ) is an orthonormal column matrix, the right hand

side of (10) must satisfy
[

1 0
0 V (2)

]† [

1 0
0 V (2)

]

=

[

1 0
0 (V (2))†V (2)

]

= I.

Therefore,V (2) is an orthonormal column matrix.
The unitary matrixG1 can be obtained in various ways,

e.g., using Givens rotations and Householder reflections. One
method using real Givens rotations is introduced in [6].

We can recursively apply the above procedure to the smaller
orthonormal column matrix. That is, consider a(t−1)×(t−1)
unitary matrixG̃2 whose first column is the first column of
V (2). Then, again by Lemma 1,

G̃†
2V

(2) =

[

1 0
0 V (3)

]

(11)

whereV (3) is a (t−2)× (n−2) orthonormal column matrix.
This new step can be added in the matrix notation of (10).

G†
2G

†
1V =

[

I2 0
0 V (3)

]

, whereG2 =

[

1 0

0 G̃2

]

. (12)

Let us denoteV (1) = V and the first column ofV (i) by
qi for i = 1, . . . , n. An important observation is thatGi is
a function only depending onqi. Therefore, after continuing
the above procedure, finally the original orthonormal column
matrix V is factored as

V = G1(q1)G2(q2) · · · Gn(qn) Ĩ . (13)

where the functional dependency ofGi is explicitly indicated
and Ĩ = [In, 0n,t−n]T . With this factorization, we see that
a t × n orthonormal column matrixV can be uniquely
represented by a set of unit-norm vectors,q1 ∈ St, q2 ∈ St−1,
. . ., qn ∈ St−n+1.

B. Statistical Properties

In this section, we provide a key Theorem to show the
statistical properties of the unit-norm vectorsqi without proof
(due to space limitations). A related definition is the complex
Stiefel manifold, denoted by

Vn,t = {V (t × n) : V †V = In}.



TABLE I

THE QUANTIZATION METHOD FOR MIMO CHANNELS

Parameterize at receiver Quantize Reconstruct at transmitter

v1 = q1 q̂1 = Q1(q1) v̂1 = q̂1

G
†
1
v2 =

[

0

q2

]

q̂2 = Q2(q2) v̂2 = Ĝ1

[

0

q̂2

]

...
...

...

G
†
n−1

· · ·G
†
1
vn =

[

0

qn

]

q̂n = Qn(qn) v̂n = Ĝ1 · · · Ĝn−1

[

0

q̂n

]

The following Theorem describes statistical properties in-
volved in the parameterization of Lemma 1.

Theorem 1: Consider the first step of the parameterization
in Section IV-A for t×n random orthonormal column matrix
V uniformly distributed overVn,t.

G†
1V =

[

1 0
0 V (2)

]

Then, the matrixV (2) is uniformly distributed overVn−1,t−1

and is independent ofv1. That is, the conditional joint density
function of V (2) for given v1 is given by

p(V (2)|v1) = 1/Vol(Vn−1,t−1), ∀V (2) ∈ Vn−1,t−1. (14)

By applying the above Theorem recursively, we can arrive
at the desired result stated in 2).

C. The Quantization Method

The basic idea of the quantization method for MIMO
spatial information is to quantize unit-norm vectors{qi}
independently using a set of codebooks{Ci}. The codbookCi

is designed for random unit-norm vector inSt−i+1 with the
MSIP criterion. The independence of the unit-norm vectors
{qi} indicates that the overall loss is minimal compared to
joint quantization ofqi. For example, a MIMO channel with
t = 4 and r = 2 has a4 × 2 random orthonormal column
matrix V for feedback. Using the parameterization method,
we extract two unit-norm vectors,q1 ∈ C

4 and q2 ∈ C
3.

Then, we quantize the two unit-norm vectors separately using
two codebooksC1 and C2, which generally have different
codebook sizes. Table I summarizes the overall procedure.
Equivalent vector-wise notations are used since we can see
the relations between{vi} and{qi} more clearly. Generally,
the parameterization, the quantization, and the reconstruction
procedures are described as

G†
i−1 · · ·G

†
1vi =

[

0
qi

]

, (15)

q̂i = Qi(qi), (16)

v̂i = Ĝ1 · · · Ĝi−1

[

0
q̂i

]

(17)

for i = 1, . . . , n, whereQi(·) is quantization overCi for
(t − i + 1)-dimensional random unit-norm vector, and̂Gi is

the unitary matrix generated from the quantized unit-norm
vector q̂i in the same manner as in generatingGi from qi.
The quantized version ofV can be also calculated as in (13)

V̂ = Ĝ1(q̂1) Ĝ2(q̂2) · · · Ĝn(q̂n) Ĩ . (18)

Note that the reconstructed matrix̂V has same geometrical
structure as the originalV .

In quantizing the unit-norm vectorsqi for given codebooks
Ci, we consider the following encoding schemes with different
levels of complexity.

Encoding Scheme A: Encode sequentiallyi = 1, . . . , n as

q̂i = arg max
q̂∈Ci

|〈qi, q̂〉|. (19)

This simple scheme is expected to work well when the
number of bitsB is large (high-rate quantization). However,
when B is small, we have some error propagation problem.
That is, since the transmitter knows only quantized versions
{q̂i}, the reconstructed̂vi is affected by quantization errors
in q̂1, . . . , q̂i. In other words, the quantization errors in the
previous vectors will accumulate. To alleviate this problem,
we consider a new encoding scheme. Here, we consider
maximizing |〈vi, v̂i〉| after the vector is reconstructed.

Encoding Scheme B: Encode sequentiallyi = 1, . . . , n as

q̂i = arg max
q̂∈Ci

|〈vi, v̂〉| = arg max
q̂∈Ci

|〈q̃i, q̂〉|. (20)

wherev̂ = Ĝ1 · · · Ĝi−1[0 q̂]T , and q̃i is related withvi as

Ĝ†
i−1 · · · Ĝ

†
1vi =

[

a
q̃i

]

, for somea ∈ C
i−1.

Encoding Scheme C: Consider the composite codebookC
for V from C1, C2, . . . Cn, i.e., |C| = |C1| × |C2| × · · · × |Cn|.
Encode to maximize the mutual information as

V̂ = arg max
Ŵ∈C

max
γ

log det
[

I + HŴΦ(γ)Ŵ †H
]

. (21)

D. Bit Allocation and Numerical Results

For simulations, we considered MIMO channels withi.i.d.
CN (0, 1) entries with t = 4 and r = 2. To quantize a
4 × 2 orthonormal column matrixV , the total number of
quantization bits is fixed toB = 8 bits. Here a bit allocation
problem occurs. There are many possible ways of allocating
the fixed number of bits in quantizing the unit-norm vectors,
q1 ∈ S4 andq2 ∈ S3, and power allocationγ. We considered
the following cases in simulations:

[B1 B2;Bγ ] = [8 0; 0], [5 1; 2], [4 2; 2], [3 3; 2], [2 4; 2], [0 0; 8]

whereBi is the number of bits allocated toqi andBγ for γ
with B1 + B2 + Bγ = B. For example, the first case[8 0; 0]
means that the whole bits are used to quantize onlyq1 and do
not feed backq2 (quantized maximal ratio transmission). The
MSE VQ design procedure is used to design the codebooks
for power allocation.

We present here results only with the Encoding Scheme B
due to space limitations. Fig. 3 shows the average capacities



with different bit allocations. For ease of comparison, all
the capacities have been normalized to the capacity with the
complete CSIT (CFull). We can see that the optimum bit
allocation is dependent on what transmit power the system
is operating at. At low power region, the optimum way is to
quantize only first unit-norm vectorq1, i.e., [B1 B2;Bγ ] =
[8 0; 0]. As power increases, we need to change bit allocation
to [5 1; 2] and [4 2; 2]. And, in the high power region, the
optimum bit allocation is[3 3; 2].

Another way of bit allocation is to use all bits to quantize
spatial information only, and employ equal power allocation
in transmitting the data. Simulation results (not shown here)
shows that it provides a better performance in high SNR
region. This is because when transmit power is high, the
optimum power allocation is equal power allocation in the
most case, therefore, it is a waste to quantize the almost
predetermined information.

V. CONCLUSION

We investigated quantization of channel information for
multiple antenna communication systems. For MISO sys-
tems, we proposed a new design criterion, namely, maximiz-
ing mean squared inner-product (MSIP), and developed the
corresponding quantizer design algorithm for random unit-
norm vector with arbitrary dimension and codebook size. For
MIMO channels, it was shown that an orthonormal column
matrix is uniquely represented by a set of unit-norm vectors
with different dimensions, and we showed related statistical
properties, especially, independence between the unit-norm
vectors. The unit-norm vectors are quantized independently
using codebooks designed in the MSIP criterion. Results
show that the quantization bit allocation over multiple spatial
channels has a critical effect on the performance, and that
the optimum bit allocation depends on the operating transmit
power of the system. We have also investigated joint quanti-
zation schemes for multiple directional vectors, which will be
reported in a future publication.
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