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Abstract— We investigate transmission strategies for multiple
antenna systems with partial spatial information of channel avail-
able at the transmitter. A new beamforming method is proposed in
which the beamforming matrix is determined from the partial spa-
tial information in a novel but predefined way; as a result, the re-
ceiver also knows the beamforming matrix. With this beamform-
ing scheme, we develop a multiple antenna system concept that
enables better use of the multiple-input multiple-output (MIMO)
channels from a channel capacity perspective. The results show
that the proposed methods lead to systems wherein the amount of
channel feedback information can be significantly reduced with a
minor sacrifice of achievable transmission rate.

I. I NTRODUCTION

In recent years, communication systems with multiple anten-
nas at both the transmitter and the receiver have gathered much
attention for high-rate data transmission. The information-
theoretical capacity of the multiple antenna channels has been
studied by many researchers, e.g., [1], [2]. Many previous stud-
ies have focused on the following two assumptions about chan-
nel state information (CSI): the first is the case where CSI is
known to both the receiver and the transmitter [1], [3]; and the
second is where CSI is available only at the receiver, not at the
transmitter [1], [2], [4]. We will refer to the former ascomplete
CSIT and the latter asno CSIT1; these will be used as the two
references in comparing channel capacities.

We remark that there are gaps between the capacities of the
two cases, in particular, when the transmit power is relatively
low, or when the number of transmit antennas is greater than
the number of receive antennas. In order to achieve the higher
capacity of the complete CSIT, the transmitter should perfectly
know instantaneous channel information. This research was
motivated by a natural insight that there is a trade-off between
the improvement in channel capacity and the degree of com-
pleteness of the CSI available at the transmitter. In practical
situations, particularly, in systems with a feedback channel for
the channel state information, the amount of channel informa-
tion that is required at the transmitter can be too large to handle,
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1CSIT: channel state information at the transmitter. In this paper, we assume
that in all cases the channel information is completely known to the receiver.

since the channel hast×r number of fading parameters. In this
study, we consider the cases where the channel information is
partially known to the transmitter in a way that enables a re-
duction in the amount of the feedback information. There were
several studies that have considered partial CSIT for different
systems or in different forms of CSIT other than what this pa-
per considers, e.g., [5], [6], [7], [8], and [9].

There are many applications in which there exists a feedback
channel for the channel state information. However, in many
real systems, the channel information can not be fully provided
to the transmitter, for example, due to a limited transmission
capacity of feedback channel or rapid channel variation. In de-
signing such systems, it is important to determine what type of
the channel information to feed back while minimizing the loss
of channel capacity. In this paper, we consider flat-fading chan-
nels with t transmit andr receive antennas which is modeled
by an r × t complex matrixH. We propose a beamforming
method in which the beamforming matrix is determined from
a subset of the eigenvectors ofH†H in some predefined way;
as a result, the receiver also knows the beamforming matrix.
With this beamforming scheme, we introduce a new multiple
antenna system concept that provides a mechanism to reduce
the amount of channel feedback information. It is shown that
this system concept leads to schemes wherein the amount of
feedback information can be significantly reduced with a minor
sacrifice of achievable transmission rate.

II. SYSTEM MODEL AND BACKGROUND

A. Channel Model

We consider multiple antenna systems witht antennas at the
transmitter andr at the receiver. Assuming slow flat-fading, the
MIMO channel is modeled by the channel matrixH ∈ Cr×t.
That is, the channel inputx ∈ Ct and the channel outputy ∈ Cr

have the following relationship:

y = Hx + η (1)

whereη ∈ Cr is the complex additive white Gaussian noise
(AWGN) vector with each element being assumedi.i.d. com-
plex Gaussian random variable with zero-mean and unit vari-
ance, i.e.,E{ηη†} = Ir. We denote the rank ofH by m.



And the singular value decomposition (SVD) ofH is given by
H = UΣV †, whereA† denotes the conjugate transpose of a
matrix A; unitary matricesV ∈ Ct×t and U ∈ Cr×r span
the input spaceCt and the output spaceCr, respectively; and
Σ ∈ Rr×t contains the singular values withσi representing the
i-th singular value ofH andσ1 ≥ . . . ≥ σm > 0. We impose a
constraint on the transmit power,E{x†x} ≤ PT .

In this paper, we assume that in all cases perfect CSI is known
to the receiver. In addition, it is assumed that the transmitter
knows the firstn column vectors ofV , where0 ≤ n ≤ m,
or the firstn eigenvectors ofH†H, as partialspatial informa-
tion of the channel. This assumption includes the two extreme
cases: i)n = m is the case that the transmitter has same spatial
information as in thecomplete CSITcase; and ii)n = 0 ac-
counts that no spatial information is available at the transmitter
as in theno CSITcase. This paper mainly considers the cases
of 0 < n < m; these corresponds topartial CSIT cases. For
notational convenience, let us defineV1 = [v1, . . . , vn] where
vi is thei-th column vector ofV , andV2 = [vn+1, . . . , vt], i.e.,
V = [V1, V2].

B. MIMO Channels with Complete and No CSIT

We consider the ergodic capacity [1] as a performance mea-
sure. The ergodic capacity of a random MIMO channel with
transmit power constraintPT is given by

C(PT ) = EH{C(PT ; H)}
whereEH{·} indicates the expectation over channel realiza-
tions; andC(PT ;H) is the conditional capacity for a given
channel realizationH with a power constraintPT . That is,

C(PT ;H) = max
p(x): E{x†x}≤PT

I(x; y).

The mutual informationI(x; y) satisfiesI(x; y) ≤ log det(Ir+
HΦxH†), whereΦx = E{xx†} and the equality holds if and
only if x is a circularly symmetric complex Gaussian random
vector.

Let us denote byCHH the capacity of MIMO channels with
CSI fully known to both the transmitter and the receiver (com-
plete CSIT); byCφH the capacity with CSI known only to the
receiver (no CSIT). When the transmitter knows the channel
information, the optimum power allocation can be solved by
water-filling overm independent spatial channels [1]. The ca-
pacity is given by

CHH(PT ) = EH

{
m∑

i=1

[log(νλi)]+
}

(2)

whereλi = σ2
i is thei-th largest eigenvalue ofH†H (or HH†),

and{Pi} are the transmit powers allocated on the transmit sym-
bol s ∈ Ct(x = V s), i.e.,Φs = E{ss†} = diag(P1, . . . , Pt).
[a]+ is defined asmax{a, 0} andν is the level of water-filling

satisfying the power constraint:
∑m

i=1

[
ν − 1

λi

]+

= PT .

On the other hand, when the transmitter has no knowledge
about the channel, it is optimal to use an equal power allocation
[1], i.e., Pi = PT /t for 1 ≤ i ≤ t. Then, the capacity is given
by

CφH(PT ) = EH

{
m∑

i=1

log
(

1 +
PT

t
λi

)}
(3)

III. N EW MULTIPLE ANTENNA SYSTEM CONCEPT

A. Extended Maximal-Ratio Transmission

In a system wheresingle data stream is transmitted overt
transmit antennas after passing through a beamformerw ∈ Ct,
the optimum choice ofw is the first eigenvector ofH†H, or,v1.
This transmission scheme is called maximal-ratio transmission
(MRT). The choice of the beamformer asw = v1 is optimal in
terms of maximizing the received signal-to-noise ratio [10]. In
addition, it can be easily shown that the beamformer choice of
w = v1 is also optimal in the sense of maximizing the mutual
information.

A generalization of the MRT for a system withn > 1 data
streams is to employn different beamformers for each data
stream. In [11], it was discussed that the optimum beamformer,
for the case whenn < m, is likely to beV1. The transmitter
uses only then known spatial channels, that is, transmittingn
data streams using then eigenvectors. We will call this scheme
extended MRT. Since the receiver knows the channel parame-
ters, the channel can be decomposed inton parallel channels
with different channel gains. As a result, with this strategy, one
can employ conventionalscalarcoding to each spatial channel.
But, because the inherent multiplexing capability of the mul-
tiple antenna channel is not fully exploited, it will be shown
later that this strategy is inferior to the transmission strategies
we propose in the following.

B. The Beamforming Method and New Multiple Antenna Sys-
tem Concept

To fully exploit potential multiplexing capability of the chan-
nel, we propose a new and improved beamforming method that
also utilizes the orthogonal complement of the space spanned
by V1. A beamforming matrixW ∈ Ct×t is generated as a
function ofV1 in a predefined manner. Since the receiver has
knowledge ofV1, the receiver is also aware of the beamforming
matrix that the transmitter will use. This property enables us to
conceive of a new multiple antenna system concept which is de-
scribed in the next subsection. One reasonable way to generate
the beamforming matrix is the following:

1) Chooset − n vectors, namely,̃V2 = [ṽn+1, . . . , ṽt], that
are mutually orthogonal and also orthogonal to the space
spanned byV1, i.e.,

Ṽ †
2 Ṽ2 = It−n, V1

†Ṽ2 = 0 (4)

whereIp is p×p identity matrix and0 is n× (t−n) zero
matrix.



2) ConcatenatẽV2 to V1 to form a beamforming matrix
W = [V1, Ṽ2].

It can be easily shown that, ifH is full rank, W spans the
same input space asV does. The beamforming matrixW is
used in transmitting the information vectors ∈ Ct in a man-
ner similar to the use ofV in the complete CSIT case. The
procedure for selecting̃V2 satisfying (4) can be defined in var-
ious ways, e.g.,̃V2 are the eigenvectors corresponding to the
nonzero eigenvalues ofIt−V1V

†
1 . Whatever be the mechanism

for generatingṼ2 at the transmitter, the generating mechanism
is assumed to be known at the receiver so that the receiver can
also independently generatẽV2 and, hence,W .

With the proposed beamforming scheme, we develop a new
multiple antenna system concept that can potentially lead to a
reduction in the amount of channel feedback information. It
involves

1) Based onW , calculation for optimal power allocation
over transmit symbols is performed at the receiver.

2) The power allocation result is provided to the transmitter
as additional CSIT.

The first step above will be described in detail in the next Sec-
tion. It results int real values, each is bounded between 0 and
1, and sum up to be 1. Then, the total channel feedback infor-
mation isn t-dimensional complex vectors, i.e.,V1, plust real
values in[0, 1]. Thus, in most systems, in particular, when the
number of transmit antennast is large, the amount of feedback
information can be significantly reduced.

C. Channel Decomposition

Now, we will show that by using the proposed beamform-
ing method the original MIMO channel is decomposed into two
parts. The transmitted signalx is given by

x = Ws = [V1, Ṽ2]
[
s1

s2

]
= V1s1 + Ṽ2s2

wheres = [s1, s2]T ∈ Ct, s1 ∈ Cn, ands2 ∈ C(t−n).
The receiver pre-multiplies the received signaly = Hx + η

by U† to haveỹ = U†y. Using the partitioned matrices of
compatible sizes toW = [V1, Ṽ2], ỹ can be written as follows:

ỹ =
[
ỹ1

ỹ2

]
=

[
Σ1 0
0 Σ2

] [
V †

1 V1 V †
1 Ṽ2

V †
2 V1 V †

2 Ṽ2

] [
s1

s2

]
+

[
η̃1

η̃2

]

=
[
Σ1 0
0 Σ2V

†
2 Ṽ2

] [
s1

s2

]
+

[
η̃1

η̃2

]
(5)

whereỹ1 ∈ Cn, ỹ2 ∈ C(r−n), diagonal matricesΣ1 ∈ Rn×n

andΣ2 ∈ R(r−n)×(t−n) containσ1, . . . , σn andσn+1, . . . , σm,
respectively, and zero matrices are of suitable size. Equation (5)
results from the facts thatV †

1 V1 = In, V †
1 Ṽ2 = 0, andV †

2 V1 =
0.

We can see that the MIMO channel has been decomposed
into n non-interfering parallel channels and a new coupled

MIMO channel with a channel matrixH2 = Σ2V
†
2 Ṽ2 in

C(r−n)×(t−n). That is,

ỹ1 = Σ1s1 + η̃1 (6)

ỹ2 = H2s2 + η̃2 (7)

We will refer to the first channel of (6) as theΣ1 channel,
and the second channel of (7) as theH2 channel. Note that
the covariance of̃η = U†η = [η̃1, η̃2]T is unchanged as
E{η̃η̃†} = Ir. An interesting property about the singular
values of the channel matrix is summarized in the following
Lemma.

Lemma 1:The singular values of the channel matrixH2 =
Σ2V

†
2 Ṽ2 is preserved asdiag(Σ2).
Proof: See [12].

By the following Lemma, we show that the mutual informa-
tion I(x; y) is preserved with the linear operationsx = Ṽ s and
ỹ = U†y. Furthermore,I(x; y) can be given by the sum of the
mutual information expressions for two decomposed channels.

Lemma 2:For a given channel realizationH, the mutual in-
formation between the input and the output of the MIMO chan-
nel can be expressed as

I(x; y) = I(s; ỹ) (8)

= I(s1; ỹ1) + I(s2; ỹ2). (9)
Proof: See [12].

IV. MIMO C HANNEL WITH PARTIAL CSIT

In this section, we derive the ergodic channel capacity and
the optimum transmit power allocation schemes for the MIMO
system with partial CSIT described in the previous sections.

As we discussed in the previous Sections, by using a beam-
forming matrix generated in a predefined way, the beamform-
ing matrix W is also known to the receiver. In this Section,
we discuss the transmission schemes and accompanying op-
timum power allocation solutions that take advantage of re-
ceiver’s knowledge of the channel. For simplicity, we define
an equivalent channel matrixA = U†HW , or ΣV †W , which
represents the channel betweens and ỹ, i.e., ỹ = As + η̃.
By Lemma 2, maximizingI(x; y) is equivalent to maximizing
I(s; ỹ). Thus, sinceI(s; ỹ) ≤ log det(Ir + AΦsA

†), we have

C (opt)
V1H(PT ; H) = max

P1≥0,...,Pt≥0
P1+···+Pt=PT

log det(Ir + AΦsA
†) (10)

The above maximization problem is complex, and, except in
some special cases, it requires the use of numerical optimization
methods. Fortunately, this optimization problem is matched to
the so-calleddeterminant maximizationproblem [13] and can
be solved numerically by using MAXDET algorithm [14]. The
optimal power allocation for theH2 channel, in general cases,
turned out to be unequal even for the symbols over theH2 chan-
nel. In this scenario, the channel feedback information isV1

and the power allocation(γ1, . . . , γt), whereγi is defined as
Pi/PT . We can find closed-form expressions in the following
practically important cases.



A. Case I: whenr = 1 andn = 0

In this case, since no eigenvector ofH†H is provided to the
transmitter, we consider a natural choice of the beamforming
matrix, W = It. Then, since the equivalent channel is now
a t-dimensional row vector denoted byA = [a1, . . . , at], the
maximization problem of equation (10) becomes a simple form
of the following:

C (opt)
φH (PT ; H) = max

P1≥0,...,Pt≥0
P1+···+Pt=PT

log

(
1 +

t∑

i=1

|ai|2 Pi

)

By the monotonicity of log function and using a well-known
solution in conventional linear programming, we have the fol-
lowing solution:

C (opt)
φH (PT ; H) = log

(
1 + |ai∗ |2 PT

)
(11)

wherei∗ = arg maxi |ai|2. This means that the total transmit
power should be allocated such thatPi∗ = PT andPi = 0 for
all i 6= i∗.

The above analysis indicates that if the index fori∗ is avail-
able at the transmitter via some feedback we can obtain higher
channel capacity than that of no CSIT case. This can be inter-
preted astransmit antenna selectionmethod in which at a given
time only one antenna that provides the best link to the receiver
is used in transmitting data.

B. Case II: whent ≥ r andn = r − 1

An example of this case isr = 2, n = 1, andt ≥ 2. In this
case, the equivalent channelA is given by

A =




σ1 0 · · · 0 0 0 · · · 0

0 σ2 0
...

...
...

... 0

0 0
. . . 0 0 0 · · · 0

0 · · · 0 σr−1 0 0 · · · 0
0 · · · 0 0 σrαr,r σrαr,r+1 · · · σrαr,t




whereαi,j is defined as the inner product between thei-th col-
umn of V and thej-th column ofW , i.e., αr,j = v†r ṽj for
r ≤ j ≤ t. Therefore, the channel can be expresses as follows:

ỹi =
{

σisi + η̃i, for i = 1, . . . , r − 1;
σr(αr,rsr + αr,r+1sr+1 + . . . + αr,tst) + η̃r, i = r

whereỹi denotes thei-th component of ther-dimensional vec-
tor ỹ andsi thei-th symbol ofs.2

Then, applying the same linear optimization technique as in
the previous subsection to the last MISO channel (the input are
sr, . . . , st and the output is̃yr), the maximization problem of

2Note the definitions of̃yi andsi are different from that in Section III.

(10) becomes the following:

C (opt)
V1H(PT ; H) = max

P1≥0,...,Pr−1≥0,Pj∗≥0
P1+···+Pr−1+Pj∗=PT{

r−1∑

i=1

log(1 + σ2
i Pi) + log(1 + σ2

r |αr,j∗ |2 Pj∗)

} (12)

where j∗ = arg maxr≤j≤t |αr,j |2. Notice that the channel
we consider consists ofr parallel Gaussian channels with each
channel having a channel gain,σ1, . . . , σr−1, σr |αr,j∗ |, respec-
tively. Thus, the conditional channel capacity can be solved by
conventional water-filling over ther noisy channels with equiv-
alent noise levels of(1/σ2

1 , . . . , 1/σ2
r−1, 1/σ2

r |αr,j∗ |2).
The above result implies that the channel feedback informa-

tion isV1 and the index forj∗ that indicates the antenna, among
the antenna set ofr-th tot-th antenna, that provides the best link
to last channel output̃yr.

V. NUMERICAL RESULTS

For comparative studies, we consider the extended MRT
scheme. The transmitter is also assumed to knowV1, and only
n spatial channels are used for transmission. That is, all the
transmit powerPT is allocated only to theΣ1 channel in a
water-filling manner. It is equivalent to the case where theH2

channel in our system model is not used. Since the extended
MRT scheme abandons a chance for the additional potential
gain from theH2 channel, it is surely inferior to the proposed
scheme. By looking at the problems in points of optimization,
we can easily see the following relationships between capacities
with different CSI assumptions and transmission strategies.

CφH(PT ) ≤ C
(opt)
V1H (PT ) ≤ CHH(PT )

C
(EMRT)
V1H (PT ) ≤ C

(opt)
V1H (PT ) ≤ CHH(PT )

Although the proposed system is irrelevant to the channel
model, for numerical comparisons, we considered the MIMO
channel that was assumed in [1]. The channel gain matrix
H ∈ Cr×t is a random matrix independent to the transmit sym-
bolss and the additive noiseη, with i.i.d. entries, each having
independent real and imaginary parts with zero-mean and vari-
ance 1/2.

Figure 1 and 2 show ergodic capacities for the optimum
transmission scheme, with parameters(t = 4, r = 2) and(t =
6, r = 3), respectively. The conditional capacityC (opt)

V1H(PT ;H)
was calculated using the MAXDET (determinant maximiza-
tion) algorithm [13]. The following asymptotical behaviors of
CV1H can be seen.

C
(opt)
V1H (PT ) → CHH(PT ), asPT → 0

This is because when the transmit power is low, by water-filling,
in most case the power is allocated only to first a few channels
and nothing to theΣ2 channel; therefore, the two capacities



are similar. This shows that spatial information is more impor-
tant in low range of transmit power. By comparingC

(opt)
V1H and

C (EMRT)
V1H , it is observed that at low transmit power the two are

very close, and as the transmit power increasesC
(opt)
V1H is getting

larger thanC (EMRT)
V1H . From this observation, we can say that

theH2 channel should be utilized to achieve higher capacity at
medium and high range of transmit power.

VI. CONCLUSION

We considered multiple antenna systems consisting oft
transmit andr receive antennas, and partial channel state in-
formation available to the transmitter. When the multiple an-
tenna channel is represented by a channel matrixH in Cr×t,
the firstn eigenvectors ofH†H are assumed to be available at
the transmitter as partial spatial information of the channel. We
proposed a novel transmission strategy in which a beamform-
ing matrix is determined from then eigenvectors in a predefined
way. From the beamforming method, a new multiple antenna
system concept was developed which enables better use of the
MIMO channels. The ergodic channel capacity and accompa-
nying power allocation solution have been derived. The simu-
lation results have shown that, in moderate transmit power re-
gion, the proposed multiple antenna systems with partial chan-
nel information give channel capacities close to those with full
channel information at the transmitter. In practical applications
that need a feedback for the channel information, the amount of
feedback information can be significantly reduced with a minor
sacrifice of channel capacity by using the proposed schemes.
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