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Abstract—We consider the use of adaptive modulation scheme
for multiple transmit and multiple receive antenna system with in-
stantaneous channel information known to both the receiver and
the transmitter. We derive an efficient bit allocation algorithm
which maximizes the transmission rate for a given transmit power.
The algorithm is generally a greedy algorithm; however, we derive
a sufficient condition for the bit allocation algorithm to be glob-
ally optimal, which is found to be satisfied in all digital modula-
tion schemes. It is found that when uncodedM -ary QAM is used
with a target symbol error probability of 10−5 there is about 9 dB
gap between the channel capacity and the throughput of adaptive
modulation.

I. I NTRODUCTION

The adaptive modulation for scalar channels was studied in
[1]. The fundamental concept of adaptive modulation is that the
system parameters in the physical layer are adaptively changed
based on the channel status to increase the communication link
quality, mostly, transmission rate. This paper considers using
the adaptive modulation method in multiple antenna channels.
In particular, we focus on the power allocation problem over
multiple spatial channels.

In recent years, multiple antenna communication systems
have gathered much attention for high-rate transmission over
wireless channels. Telatar [2] showed the information-theoretic
capacity of multiple-input multiple-output (MIMO) channels
with flat fading.

If the channel state information is known to both the trans-
mitter and the receiver, an MIMO channel can be decomposed
into parallel independent single-input single-output (SISO)
channels by employing appropriate operations at the transmit-
ter and the receiver. The resulting decomposed channels are
characterized by the channel gain matrix, i.e., the gains of the
decomposed channels are determined to be the singular values
of the channel gain matrix. After decomposing the channel into
parallel channels, the remaining problem is how to allocate the
transmit power over the decomposed channels to maximize the
total transmission rate. The adaptive modulation for multiple
antenna channels is concerned with adaptation of modulation
parameters in spatial as well as temporal domain.
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The power allocation problem can be equivalently consid-
ered as so-calledbit allocation problem1 over multiple spatial
channels if the target link quality is fixed. The bit allocation
problem involves solving an optimization problem with integer
variables, in which the optimum bit allocation over the multiple
channels is determined to minimize the total transmit power for
a given number of transmission bits. That is, the cost function
is the total required transmit power for transmitting the given
number of bits with a target link quality satisfied. The channel
gain matrix characterizes the cost function.

One contribution of this paper is that the bit allocation prob-
lem is formulated as an optimization problem, and then an effi-
cient bit allocation algorithm is derived. The derived algorithm
is a greedy algorithm, which generally may not be the global
optimum. However, we derive a sufficient condition for the bit
allocation algorithm to be globally optimal, which is found to
be satisfied in allM -ary digital modulation schemes.

We are also interested in the average transmission rate that
can be affordable with adaptive modulation in MIMO systems
and how far the average rate is away from the channel capacity.
We consider an adaptive modulation scheme that changes the
modulation order ofM -ary QAM, M ∈ {0, 2, 22, . . . , 28}, de-
pending on the channel state. The simulation results show that
the average transmission rate of the adaptive uncodedM -ary
QAM is about 9 dB away from the channel capacity when the
target symbol error probability is set to10−5.

II. SYSTEM MODEL

We consider a point-to-point flat fading channel with mul-
tiple antennas at both the transmitter and the receiver. The
number of transmit antennas is denoted byt and the number
of receive antennas byr. We consider a linear discrete channel
model

y = Hx + w (1)

wherex ∈ Ct×1 is the transmitted signal,y ∈ Cr×1 is the
received signal,H ∈ Cr×t is the channel gain matrix, and
w ∈ Cr×1 is the zero-mean complex Gaussian noise with co-
varianceE{ww†} = Ir. As in [2], we assume thatH is a ran-
dom matrix independent ofx andw. H is a complex Gaussian

1The bit allocation problem has been also studied for multi-carrier communi-
cation applications; there, computationally efficient suboptimum schemes have
been focused because the number of parallel channels is usually large.



matrix with i.i.d. entries, each entry having independent real
and imaginary parts with zero-mean and variance 1/2. And,
we assume a power constraint on the transmitted signal with
E{x†x} ≤ PT .

A. Channel Decomposition Using SVD

If the channel state information is known at both the trans-
mitter and the receiver, the channel can be decomposed into
parallel non-interfering SISO channels by using singular value
decomposition (SVD):H = UΣV †, whereU ∈ Cr×r and
V ∈ Ct×t are unitary, andΣ ∈ Rr×t contains the sigular val-
ues withσi is the i-th singular value ofH. If the transmitter
knows the channel matrixH (or V ), x = V s is transmitted
wheres ∈ Ct×1 is the modulation symbol vector. And, at the
receiver, by pre-multiplyingy by U† we have

ỹ = Σs + w̃ (2)

whereỹ = U†y, andw̃ = U†w. Sincem , rank(H) ≤
min(t, r), (2) can be rewritten as

ỹi =
{

σisi + w̃i, 1 ≤ i ≤ m
w̃i, otherwise

(3)

where the subscripti indicates thei-th element of the corre-
sponding vector. Note that sinceU andV are unitary matrix,
E{s†s} = E{x†x} andE{w̃w̃†} = E{ww†}. From (3), we
can see that, for a given channelH, we havem independent par-
allel Gaussian channels with thei-th channel having a gainσi.
Therefore, the demodulation for the transmitted symbol vector
s becomes simple: just demodulate each channel independently
with a decision variablẽyi.

B. Transmit Beamforming and Maximal-Ratio Combining

We also consider a transmit beamforming and maximal-ratio
combining (MRC) at the receiver for comparison. In this case,
the modulation symbol is now a scalars and the principle eigen-
vector ofH†H is employed as the beamforming weight, i.e.,
x = v1s. And, at the receiver side, the weighting vector is set
to h = Hv1/‖Hv1‖, which equals tou1, the principle eigen-
vector ofHH†, then the decision variable is given by

ỹ = h†y = σ1s + w̃. (4)

The resulting channel is a single Gaussian channel with a chan-
nel gainσ1 andE{|w̃|2} = 1. We place the same input power
constraint,E{|s|2} ≤ PT .

C. M -ary QAM

We considerM -ary QAM with M ∈ {0, 21, 22, . . . , 28},
which corresponds to transmitting{0, 1, 2, . . . , 8} bits per
channel use. Since the decision boundary in the QAM con-
stellation is not rectangular whenM = 32 and128 as shown
in Figure 1, we use Craig’s method [3] to obtain the exact nu-
merical values for the probability of symbol error. Table I sum-
marizes the required symbol energy per noise density, which is
denoted byg(n) for M = 2n, when the target symbol error
probability (SER) is10−5.

TABLE I
THE REQUIRED SYMBOL ENERGY PER NOISE DENSITY INdB, g(n), OF

M -ARY QAM WHEN THE TARGET SYMBOL ERROR PROBABILITY IS10−5 .

M 0 2 4 8 16 32 64 128 256
n 0 1 2 3 4 5 6 7 8

g(n) − 9.6 12.9 17.8 20.1 23.1 26.4 29.3 32.5

III. O PTIMUM BIT ALLOCATION

When the channel state information is known to both the
transmitter and the receiver, after decomposing the channel into
m parallel channels as in the previous section, the remaining
problem is how to allocate the transmit power over the decom-
posed channels to maximize the total transmission rate. One
obvious strategy from information theory is to allocate more
power to better channel as inwater-filling [4]. The water-filling
assumes that there exists infinitely manycontinuouslevels of
power. But, in the adaptive modulation withM -ary modulation,
we needdiscrete-valuedpower to transmit one more additional
bit with a given link quality satisfied. Therefore, the power al-
location in adaptive modulation for MIMO systems is to find
the optimum way to allocate the available transmit power over
multiple parallel channels with each having itsdiscretelevels
which are determined by the modulation scheme and its chan-
nel gain.

Since the channel gain of thei-th decomposed channel is
σi, the received signal-to-noise ratio (SNR) is given byσ2

i Pi,
wherePi is the transmit SNR of thei-th channel. Note that
since we assume a normalized noise with unit variance, the
transmit power on a decomposed channel equals to the transmit
SNR. Therefore, if we denote the required SNR forM = 2n,
i.e. n bits transmission per channel use, byg(n), the required
transmit power with a channel gainσi is given by

Γi(n) =
g(n)
σ2

i

, n = 1, . . . , nmax. (5)

Consider that we transmitni ∈ N , {0, 1, 2, . . . , nmax} bits
over thei-th channel,1 ≤ i ≤ m, we call this abit allocation
n = (n1, . . . , nm) ∈ Nm. Then, the total transmit power, the
cost function in this optimization problem, is given by

f(n) = f(n1, . . . , nm) =
m∑

i=1

Γi(ni) =
m∑

i=1

aig(ni) (6)

whereai = 1/σ2
i and without loss of generality we assume that

σ1 ≥ σ2 ≥ . . . ≥ σm > 0, so0 < a1 ≤ a2 ≤ . . . ≤ am.
For simpler notation, we define

∆n , g(n)− g(n− 1),

andn(i)−1 as a vector with same elements ofn excepti-th ele-
ment reduced by one. Since we are dealing with a non-negative
integerni ∈ N, it is more useful to define

n(i)−1 ,
(
n1, . . . , ni−1, [ni − 1]+, ni+1, . . . , nm

)
. (7)



where[x]+ , max{0, x}.
Theorem 1:Consider two bit allocations,n and k, with

ni ≥ ki for somei and the total transmit powers with two bit
allocations satisfyingf(n) ≤ f(k). Then,

f(n(i)−1) ≤ f(k(i)−1) (8)

with a sufficient condition

0 < ∆ki ≤ ∆ni . (9)
Proof: Sincef(n)−f(k) ≤ 0, the hypothesis on the total

transmit powers can be rewritten as

m∑

j=1

aj [g(nj)− g(kj)] ≤ 0

After subtracting thei-th term from both sides, we have

m∑

j=1
j 6=i

aj [g(nj)− g(kj)] ≤ ai[g(ki)− g(ni)]

From the above, we can show the inequality (8).

f(n(i)−1)− f(k(i)−1)

= ai[g(ni − 1)− g(ki − 1)] +
m∑

j=1
j 6=i

aj [g(nj)− g(kj)]

≤ ai[g(ni − 1)− g(ki − 1)] + ai[g(ki)− g(ni)]
= ai{[g(ki)− g(ki − 1)]− [g(ni)− g(ni − 1)]}
= ai(∆ki −∆ni) ≤ 0

The last inequality is satisfied under the sufficient condition (9).
Hence, the theorem was proved.

Example 1:Assumem = 2, N = {0, 1, . . . , 8}, and bit al-
locationn = (7, 5) is the optimal in transmitting 12 bits per
channel user (see Figure 2). That is,

f(7, 5) = min
k1,k2∈N

k1+k2=12

f(k1, k2).

Applying Theorem 1,

f(6, 5) ≤ f(5, 6), f(4, 7), f(3, 8) andf(7, 4) ≤ f(8, 3)

Therefore,

min
k1,k2∈N

k1+k2=11

f(k1, k2) = min{f(6, 5), f(7, 4)}.

We want to generalize the idea in the above Example and
derive an efficient bit allocation algorithm based on Theorem 1.
Before doing that, we need a set of definitions for the subsets of
all possible bit allocations,Nm.

SN , {n :
m∑

i=1

ni = N andni ∈ N, i = 1, . . . ,m}

which is the set of all bit allocations that are corresponding to
N bits transmission per channel use. We also define a subset
of SN with a parametera ∈ SN as set of all the vectors inSN

with thei-th element less than thei-th element ofa, i.e.,

DN
i (a) ,

{
n : n ∈ SNandni ≤ ai

}
, i = 1, . . . , m.

We can see thatSN =
⋃m

i=1DN
i (a), for somea ∈ SN . And,

we also define

DN
(i)−1(a) ,

{
n(i)−1 : n ∈ SN

i (a)
}

.

Then, from the above definitions we can easily see the follow-
ing Lemma.

Lemma 1:For some vectora ∈ SN ,

SN−1 =
m⋃

i=1

DN
(i)−1(a). (10)

We can divide the minimizing problem over a variable space,
sayS, into two stages: First, dom number of minimizations
over the subset variable spaces, sayDi, i = 1, . . . , m, where
S =

⋃m
i=1Di; and secondly, find the final minimizing point

among them minimizing points obtained from the first step.
The following Lemma summarizes this idea.

Lemma 2:Suppose the variable space for the optimization,
S =

⋃m
i=1Di, andn∗i is the minimizing point over the subset

spaceDi, i.e.,f(n∗i ) = minn∈Di f(n). Then, the minimizing
pointn∗ over the whole spaceS is given by

f(n∗) = min
n∈S

f(n) = min
i

f(n∗i ). (11)

Lemma 3:Suppose thata is the minimizing point inSN , i.e.,
f(a) = minn∈SN f(n) and thatg(n) satisfies the following
condition,

0 < ∆1 ≤ ∆2 ≤ . . . ≤ ∆nmax . (12)

Then,a(i)−1 is the the minimizing point inDN
(i)−1(a) ⊂ SN−1.

That is,

f(a(i)−1) = min
n∈DN

(i)−1(a)
f(n) for i = 1, . . . , m. (13)

Proof: Sincef(a) = minn∈SN f(n), f(a) ≤ f(k) for
all k ∈ SN . By Theorem 1, it implies that

f(a(i)−1) ≤ f(k(i)−1) for all k ∈ SN . (14)

Since we definedDN
(i)−1(a) =

{
k(i)−1 : k ∈ SN

i (a)
}

, (14) is
equivalent to (13).

From Lemma 1, 2 and 3, we can derive the following Theo-
rem which is directly related to the optimum bit allocation al-
gorithm.

Theorem 2:If a is the bit allocation withN bits transmission
that minimizes the transmit power, i.e.,f(a) = minn∈SN f(n),
then the optimum bit allocationb with N − 1 bits transmission
is given by

f(b) , min
n∈SN−1

f(n) = min
i

f(a(i)−1). (15)



Proof: For the optimization problem overSN−1, we con-
sider the subsetsDN

(i)−1 ⊂ SN−1, 1 ≤ i ≤ m, as in Lemma 1,
and apply two steps optimization stated in Lemma 2, then we
can easily arrive the result by Lemma (3).

From the above Theorem 2, we derive an efficient bit alloca-
tion algorithm as is summarized as follows:

1) Start withN = m · nmax; andn∗ = (nmax, . . . , nmax).
2) N ← N − 1; i∗ = arg min1≤i≤m f(n∗(i)−1), thenn∗ ←

n∗(i∗)−1.
3) Repeat Step 2 untilf(n∗) ≤ PT . Otherwise, stop.

wheren∗(i∗)−1 as a vector with same elements ofn∗ excepti∗-
th element reduced by one as defined in (7).

Since the cost function, the total transmit power, has a form
of f(n) =

∑m
i=1 aig(ni), by noticing the factf(n∗(i)−1) =

f(n∗) − ai∆n∗i , the second step in the above bit allocation al-
gorithm is equivalent to

2′) N ← N − 1; i∗ = arg max1≤i≤m ai∆n∗i , thenn∗ ←
n∗(i∗)−1, f(n∗) ← f(n∗)−maxi ai∆n∗i .

The above bit algorithm always gives the bit allocation that
maximizes the total number of transmission bits for a given
power constraint, since the resulting bit allocationn∗ for each
N always provides the minimum transmit power. The algo-
rithm is, in general, agreedy algorithmwhich may not be the
global optimum, since it follows the best way at each stage
without care of the previous path, regardless of the character-
istics of the cost function. In this section, we have shown that
the derived bit allocation algorithm provides the globally opti-
mum point under a sufficient condition (12), which is satisfied
for all M -ary digital modulation schemes.

One can also develop, with the same principle, an equivalent
bit allocation algorithm that goes the reverse direction:

1) Start withN = 0; andn∗ = (0, . . . , 0).
2) N ← N +1;ntmp ← n∗; i∗ = arg min1≤i≤m ai∆n∗i +1,

thenn∗ ← n∗(i∗)+1, f(n∗) ← f(n∗) + mini ai∆n∗i +1.
3) Repeat Step 2 untilf(n∗) > PT . Otherwise, stop and

n∗ ← ntmp.

wheren(i)+1 , (n1, . . . , ni−1, ni + 1, ni+1, . . . , nm) .

IV. T HROUGHPUT OFADAPTIVE M -ARY QAM

The ergodic channel capacity of MIMO channels with per-
fect channel state information known to both the transmitter and
the receiver is given by

C(PT ) = EH{C(PT ; H)} (16)

whereEH{·} is the expectation over the random channel ma-
trix H, andC(PT ;H) is the conditional capacity for a given
channel realizationH, which is given by [2]

C(PT ; H) =
m∑

i=1

[
log2(νσ2

i )
]+

(17)

andν is the water-filling level satisfying

m∑

i=1

[
ν − 1/σ2

i

]+
= PT . (18)

The cost function of (6) is determined by the channel ma-
trix H, or more precisely by{σ1, . . . , σm}; and, for a channel
realization, the optimum bit allocation can be solved with the
algorithm described in the previous section. Then, the max-
imum number of transmission bits, let us sayR(PT ; H) =
R(σ1, . . . , σm; PT ), is simply the sum of all the elements of
the bit allocation, i.e.,

R(PT ; H) =
m∑

i=1

n∗i ,

wheren∗i is thei-th element of the optimum bit allocationn∗.
Therefore, for a given transmit power constraintPT , the aver-
age bits per channel use, that is offered by adaptive modulation,
can be expressed as,

R(PT ) = EH{R(PT ; H)}
=

∫
· · ·

∫
R(σ1, . . . , σm;PT )p(σ1, . . . , σm) dσ1 · · · dσm

(19)

wherep(σ1, . . . , σm) is the joint probability density function
of {σi}, which can be found in literature, e.g., [2]. However,
unfortunately, it is not easy to find any closed-form expression
for R(σ1, . . . , σm;PT ). Instead, we resort to the solutions from
the bit allocation algorithm.

We ran simulations to evaluate the throughput of adaptive
modulation. We consideredM -ary QAM with required SER of
10−5, and used the required transmit power (or transmit SNR)
for each transmission bit,g(n), n = 0, 1, . . . , 8, that are shown
in the Table I in Section II. Figures 3 shows the results when
t = {1, 2, 3, 4} and r = 2. We can see that the throughput
of adaptive modulation is away 9–10 dB from the channel ca-
pacity calculated from (16). One apparent observation is that as
PT increaseR(PT ) → m nmax, because at highPT all m chan-
nels are utilized withnmax bits transmission on each channel.
BeforeR(PT ) is saturated, the throughput is almost parallel to
C(PT ).

One obvious way to reduce the gap to the channel capacity
is to employ channel codes. If the perfect channel is known
to both sides so that the MIMO channel can be decomposed
into non-interfering parallel channels, there is no need to use
vector channel coding that needs high complexity, and con-
ventional scalar channel coding for each channel is sufficient.
The throughput of adaptive modulation with independent scalar
codings can be obtained using a similar approach, because we
separated the power allocation problem in the MIMO channel
from the modulation issues. That is, once the required transmit
power{g(n)} that accounts for the effect of channel coding is



obtained, we can obtain the throughput by just substituting the
new{g(n)} in the bit allocation algorithm.

The beamforming strategy described in Section II needs less
information about the channel (onlyv1 andσ1 are necessary
at the transmitter). In Figure 4, we compared the performance
of the transmit beamforming with the channel decomposition
method using SVD. WhenPT is low, the transmit beamform-
ing scheme shows a comparable performance to the channel
decomposition method. This is because at low transmit power
only the best spatial channel is used most of the time. There-
fore, the two schemes give little difference in performance. But,
asPT increases, the other remaining channels are starting to be
utilized; hence, the channel decomposition method outperforms
the transmit beamforming counterpart.

V. CONCLUSION

We consider the use of adaptive modulation scheme
for MIMO channels with instantaneous channel information
known to both the receiver and transmitter. An efficient bit al-
location algorithm is derived and its optimality is proved under
a sufficient condition, which is satisfied in allM -ary modula-
tion schemes. It is found that whenM -ary QAM is used with a
target symbol error probability of10−5 there is about 9 dB gap
between the channel capacity and the throughput of adaptive
modulation. And, it is also shown that a transmit beamforming
scheme, which needs less channel information, gives a compa-
rable performance when the power constraint is low. Relaxing
the assumption of perfect channel information at both commu-
nication sides needs further studies.
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Fig. 1. Signal constellation ofM -ary QAM (M = 32, 128).
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