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Abstract

In this paper, we propose a power optimal opportunistic scheduling scheme for a multiuser sin-
gle hop Time Division Multiple Access (TDMA) system. We formulate the problem of minimizing
average transmission power subject to minimum rate constraints for individual users. We suggest a
stochastic approximation based scheme to implement the policy and prove the convergence and sta-
bility of this algorithm. We demonstrate through simulations that the algorithm converges to optimal
policy in reasonable iterations for it to be practically useful. Our algorithm is applicable for independent
and identically distributed (i.i.d.) as well as Markovian channel fading. Finally, we extend the power

optimal scheduling algorithm for providing temporal fairness among users.

Index Terms

Cross Layer Scheduling, Power Efficient, Quality of Service, Stochastic Approximation.

I. INTRODUCTION

Next generation wireless networks are likely to provide a unified architecture for the transport
of voice, video and data. These applications will be required to be serviced with diverse Quality
of Service (QoS) guarantees in terms of performance metrics like throughput, delay, delay jitter,
loss and fairness. Bandwidth and power are the two primary resources available to any commu-
nication system and hence they must be allocated through appropriate scheduling mechanism
to satisfy QoS constraints. Further, in case of wireless networks, where battery and transmis-
sion power constraints mandate conservative energy expenditure, the task of energy efficient
scheduling becomes very important.

Wireless channel varies with time randomly and asynchronously for different users. This is
due to fast multipath fading effects as well as due to different interference levels experienced by
users. As a resuligross layerresource allocation techniques, i.e. techniques that take into
account physical channel characteristics, can achieve significant performance gains. In this
paper, we consider such cross layer scheduling algorithms. Specifically, we focus on scheduling
algorithms that optimize energy resources subject to QoS contraints like minimum guaranteed
rate.

Since wireless channels exhibit time varying fading characteristics, which also vary from user
to user, this multiuser diversity can be exploiteddpportunisticallyscheduling the user with the

best channel condition. Multiuser diversity has been explored in the pioneering work of Knopp
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and Humblet [1], where the problem of maximizing the information capacity of the uplink in

a single cell environment under an average power constraint has been addressed. In this paper
also, we consider a single cell multiuser system with Time Divison Multiple Access (TDMA).
We assume a block fading channel model where the channel remains constant over each slot
duration, however, different users experience different channel conditions. \phitoppor-

tunistic scheduling would schedule the user with the best channel condition, we also consider
energy efficiency. Specifically, the scheduling algorithm proposed in this paper determines the
user to be scheduled in each time slot so that the overall average transmission power is min-
imized to meet minimum rate constraint of each individual user. In that sense, the problem
considered in this paper is a dual of [1]. Moreover, we have also given an on-line algorithm
based on stochastic approximation and prove the convergence of this algorithm for both inde-
pendent and identically distributed (i.i.d) and Markov channel fading. Finally, we have extended

our framework to incorporate fairness constraints also.

A. Related Work

There is a considerable literature on energy efficient scheduling [2], [3], [4]. These papers
have considered the problem of minimizing average power subject to a constraint on the average
delay. They have also investigated various structural properties of optimal policy and quantified
the tradeoff between delay and power. A comprehensive review of energy efficient scheduling
has been given in [5]. However, all these works have considered the problem of scheduling the
packets over a point to point wireless channel. In this paper, we consider a multiuser scenario
where the users can be scheduled opportunistically. Opportunistic scheduling, however, intro-
duces the issue of fairness among users. Since the user with the best condition always transmits,
some users who continue to experience bad channel may starve for a long time. Thus, there is a
tradeoff between total system throughput and fairness among users. The concept of proportional
fairness in multiuser diversity has been investigated in [6]. The proportional fair scheduler can
be shown to be maximizing the logarithmic utility function for the users in asymptotic sense.
Variants of proportional fair schedulers like Modified Weighted Delay First (M-LWDF) strategy
has been introduced in [7]. In [8], the author points out that the proportional fair scheduler is
not always stable. A modified fair rule in [9] called exponential rule is able to provide stability,

if there exists any feasible policy which can achieve stability.
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The problem of fainrness in opportunistic scheduling has also been investigated in [10], [11],
[12] under various types of fairness measures. In [10], an optimal index policy has been pro-
posed for long term fairness in terms of bandwidth allocation. In [11], the authors consider the
problem of throughput maximization with deterministic and probabilistic long term fairness con-
straints. As apposed to throughput fairness, an alternate notion of temporal fairness may be more
appropriate for wireless opportunistic schedulers. By temporal fairness, we mean that each user
has access to certain number of time slots. In [12], the authors study scheduling policies under
Short Term Temporal Fairness (STF) constraints. Short term temporal fairness reduces the inter
scheduling delays at the cost of throughput. Using special case of window siZze-ofV and
M = oo, whereNN is the number of users, the STF constrained policy assighsnumber of
time slots to a userin any scheduling frame of window/ and maximizes the system through-
put under these constraints wheras the weight assigned to the usesuch thaty " ¢, < 1. A
heuristic policy that maximizes the system throughput, while trying to satisfy the required STF
constraints has been suggested. It has been proved that such allocation in opportunistic regime
gives more throughput than scheduling non-opportunistically.

We observe that while energy efficient scheduling has been studied on a point to point channel,
the focus of multiuser scheduling has been largely on opportunistic scheduling under fairness
constraints. Our work is different from all these works in the sense that we introduce energy
efficient scheduling algorithm for single cell multiuser opportunitsic setting. In [13], the authors
have considered an interference-based joint scheduling and power allocation scheme for a multi-
cellular environment. Though their problem setting is different, the mathematical formulation is
similar to ours. However, issues such as the convergence, optimality and stability of the iterative
algorithm have also not been addressed. Moreover, we have validated our algorithm for i.i.d. as
well as Markovian channel fading. Further, our formulation also incorporates temporal fairness.

The rest of the paper is organized as follows. In Section Il and Ill, we describe our sys-
tem model and derive the optimal scheduling policy. In Section IV, we describe the stochastic
approximation method used to implement the opportunistic power optimal scheduling policy.
We compare the performance of this scheme with power optimal round robin and ‘best channel
first’ algorithm. In Section V, we introduce a temporal short term fair power optimal scheme

and present the simulation results. Finally, we conclude the paper in Section VI
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I[l. SYSTEM MODEL

We consider a multiuser TDMA system with base station as the centralized scheduler. Time
is divided into slots of equal duration. The channel is assumed to be time varying with block
fading model, i.e. channel is constant over a slot duration and changes only at slot boundaries.
In any given time slot, only one user is allowed to transmitthfuser transmits in slot, then

the received signal is given by
r(n) = vwi(n)s(n) + w(n) 1)

where s(n) is the transmitted signal (with powet(n)), w(n) is zero mean Additive White
Guassian noise of power spectral density/2 andm is the time varying channel gain of

ith user due to fading. Lél’ denote the received signal bandwidth, then the received signal to
noise ratio iSSNR = ¢;(n)x;(n)/NoW . In our further discussion, we assuiVglV to be unity,

i.e. we assume that the/V R is normalized to the noise power.

Each user experiences a different channel gain. The channel state at the beginning of slot
is denoted by the vect@r; (n), z2(n),- - - ,zx(n)), wherez;(n) corresponds to the channel for
user; at slotn and NV is the number of users. We assume that perfect channel state information
(CSI) is available to the scheduler.

The channel state procegs (n), zo(n), - - - , xx(n)) is assumed to & —valued and ergodic
with marginal distributiorv, whereN > d > 1. Due to ergodicity, henceforth, we do not ex-
plicitly state the dependence of the channel state process omtifiteus, letx = (x1, -, xy)
denote the channel state vector.

The channel gains experienced by different users are assumed to be i.i.d. The channel state
evolution with time can be either i.i.d. or Markovian. Under the Rayleigh fading model,zgach

is exponentially distributed, i.e. the probability density function:pis given by

1 —x

o2
) = 5 0™

We assume that each user can specify its QoS constraint in terms of certain minimum required
utility which may be a function of the transmission power and the channel gain. In a practical
system, this utility could be defined in terms of minimum guaranteed data rate or throughput

which not only depends on the transmitted signal power and the channel gain but also on the
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desired bit error rate and the modulation and coding parameters. In this paper, we do not as-
sume any specific modulation or coding scheme. Accordingly, we consider the rate to be the
information theoretic raté&/;(q;, z;) = log(1 + ¢;z;) in bits/sec/Hz. Note that our formulation

in this paper is applicable to any utility functién which is increasing and concave in channel
gainz; and powery;. We assume that this rate requirement of each user is known a-priori to the

scheduler.

[11. OPTIMAL SCHEDULING

In this section, we formulate the problem of power optimal opportunistic scheduling. Since,
we have assumed the system to be TDMA, only one user transmits in a slot and the scheduler
determines the user who can transmit. The scheduler also determines its transmission power
subject to that user’s rate constraint. For each usee associate an indicator functignn)
which is 1 if useri is scheduled at time slat, otherwise it is 0. Le(n) be the actual transmis-
sion power of the scheduled user at time slo{Here, we have dropped the indekom g(n).
Thusgq(n) corresponds to any user that was scheduled inrglot_et C; be the time-average
minimum rate requirement for userOur objective is to minimize average power subject to the

rate constraints, which can be expressed as:

min lim sup — Z Z

M—oo0 nlzl

Sthmmf—ZU yi(n)g;(n),z;(n)) > C; Vi (2)

M —oo

whereU; (y;(n)q(n), z;(n)) = log(1 + y;(n)q(n)x;(n)). Let A = (ey, - - - en), Wheree; denotes
the unit vector in the' coordinate direction. Leg = (y1,--- ,yn) be the vector of indicator
random variables. Note that only one of the random variafpl&sll be 1 in a given time slot.
Let p be the conditional law ofg, y) givenx, which can be decomposedagdq|y, x)p2(y|x).

Thus, we can write the optimization problem (2) as:

min/ (dxy,--- ,dxy) Z/ 1(dqly, x)p2(y[x)g,

y€eA

/(da:l, ,dry) Z/ 1(dqly, x)p2(y|x)

YEA
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log(1+ qy;x;) > C; Vi, ¢ >0. (3)

Proposition 1: The optimal policy is to select usérand transmission powet, where

1\t
k= argmin (/\i——) -\
7 xz

.
¢ - (M—~£), (5)
T},

and); is the Lagrange multiplier associated with the rate constraint foriuser

Proof: The Lagrangian associated with (3) is

form ) 2 [ vlde, dm§3/ \(daly, x)

p2(y[x) <q — Z Ai [log (1 + qysr;) — Cz]) (6)

whereA= (\;,---, Ay). Therefore, the optimization problem decomposes into: minimize with
respect to (w.r.t.)p;(¢|x,y) and then minimize w.r.t.p;(y|x). Note that the cost function
f(p1,p2, A) is linear in the joint probability distribution when the marginal distributiorkas

fixed and the minimization is over the conditional distributions. The set of probability distribu-
tions with a fixed marginal is a closed convex set with extreme points corresponding to those
distributions for which the conditional distributions are point masses [14]. Thus foreagé
minimize overg andy. The Lagrangian (6) is strictly convex w.r¢.andy and hence the min-
imizer is unique. Since joint minimization ovgrandy can be done in any order, we minimize
first with respect tg; and then w.r.t.,y. Thus we first minimize (6) w.r.tg for a fixed: which

corresponds tg = e;. The reduced single user min-max problem is:

max min £(A;, q) (7)

Ai q
whereL(\;, q) = q¢— \i(log(1+qz;) — C;). Denote the optimaj for y = e; by ¢;. To minimize
(7) w.r.t. ¢, we differentiateC(\;, ¢) w.r.t. q,

hdaduu B
y aQ+W), @)
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leading, by the Kuhn-Tucker theorem [15], to

i=(n-1) ©

Minimizing (6) w.r.t. y yields the optimal policy,

k = argmin {qf — A; [log(1 + gfz;) — C] }

arg min { ()\i - %)Jr -\
}. (20)

1N+
The optimal policy is to schedule usewhich satisfies (10). The scheduled user will transmit

)

+
with powerg* as given in (9) with\; andz; replaced by\, andz,. Thusg* = (Ak — i) [ |

To implement the above policy, the Lagrange multiplidrseed to be computed. These can be
determined such that the constraints in (3) are saisfied. The computation of optimal policy would
also require the knowledge of the distribution of the channel state vecter(zy,--- ,xy).
Though under usual assumption of Rayleigh fading madeis exponentially distributed, the
knowledge of this distribution may not be known in practice. It is thus useful to determine an

on-line algorithm to implement the optimal policy.

IV. ON-LINE ALGORITHM BASED ON STOCHASTIC APPROXIMATION

In this section, we propose an on-line algorithm to estimate parametarghe policy based
on stochastic approximation. The policy and the update equation involved in the algorithm
are low in complexity. The stochastic approximation algorithm guarantees almost sure (a.s.)
convergence to the optimal solution, if certain properties of the update equation and the objective
functions are satisfied. We prove that these properties are indeed satisfied in our case and thus
the algorithm converges to optimalwith probability (w.p.) 1. Stochastic approximation can
be used to determine an optimum solution for a perturbed function (in our case perturbation is
channel fading). After minimizing (6) over, y) in Section Ill, we maximize oveh to obtain

the optimal solution.
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We propose the following on-line update equation for compulnijote that this is a stochas-

tic gradient ascent scheme.

N(n+1) = T ()\i(n) — a(n) {y,-(n) log (1 n

(Ai - %)E(n))] - (Ji) Vi (11)

wheré:

1) yi(n) = I(q; — Xillog(1 + gfz;) — Ci] < (g5 — Ajllog(1 + gjz;) — Cjl), j # i
2) «(n) is a positive scalar sequence satisfying [16],

Za(n) = 00, Za(n)2 < 00,

n

3) T'(+) is the projection to the sed, L] whereL > 0 is a very large but finite number, i.e.,
['(z) = max(0, min(zx, L)).

4) We takea(n) = f—l wherel, the initial learning rate, is a small constant.

Note that we have assumed the transmission pagwerbe unconstrained. However, if we
impose a constrainf < ¢,,., for a prescribedy,... < oo, then we can replacg® by ¢* =
0" A Gmaz>. In [10], [11], [12] also, the authors have used stochastic approximation algorithm,
but the convergence proof is not discussed. Moreover the technical proof in these algorithms is
simple because of the differentiable functions involved. These assumptions are not applicable
here.

We now sketch the proof of convergence for the stochastic approximation scheme as outlined
in (11). The details are discussed in Appendices | and Il. We consider the channel state process
to be i.i.d. across slots. The proof of convergence for the Markovian model is along similar
lines.

Let 7;(n) = y;(n) with \;(n) replaced by\; and £ - | denote the stationary expectation.

Rewrite iteration (11) as,
Ai(n+1) =T (N(n) — a(n) [h; (A(n)) + M;(n+1)]), (12)

'I(a < b) = 1if a < b, = 0 otherwise.
2a A b = min(a, b)
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where,
w0 = B[t (108 (14 (3= ) (o)

)

M+ = uliog (14 () - ) n(w)
—Ci— b (A(n)).

Ai=Ai(n)

This iteration will converge w.p. 1 to an invariant set of the differential equation,
A1) = h(A(t)) +2(1), (13)

whereh(-) = [hy(:), -+ ,hn(---)] andz(t) = [z1(t), -, zx(t)] is the boundary correction
term due to the projection operatof16]. Note thath;(A) € OF (), where,

min { </\Z . (1n Yy ( log
1+ ()\,- xigm )

is the point-wise minimum of a family of affine functions Adfand is a strictly concave function

F\) = E,

(14)

of A. OF denotes its superdifferential. Thus the ordinary differential equation (13) may be

viewed as the differential inclusion
A(t) € OF(A(L)) + z(t). (15)

The proof details for this are given in Lemma 3 of Appendix I. Note that (15) is a supergradient
ascent scheme for a strictly concave function and thus will converge to its unigue maximum on
the constraint set. IE is sufficiently large, this will be the desired vector of Lagrange multipliers

by the saddle point theorem [15]. Thus, the iterates (11) converge almost surely to the Lagrange

multipliers.

A. Simulation Results

We first perform the simulations to demonstrate the convergenagof. Consider a single

cell network of 4 wireless users with 1 base station. We assume a Rayleigh fading channel,
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where the probability density function ofis given byu(z) = #eﬁ, whereos > 0. Each user
experiences a different channel gairaccording to this density function with different values
of 0. For 4 users, we choose the valuesrdb be0.6,0.8, 1, 1.2. We first consider the case of
i.i.d. fading. Thus, each user observes the channel in a slot independent of the other slots. We
also assume the rate constraintsfor 4 users to bd.0, 1.0, 1.5, 1.5 bits/sec/Hz respectively.
We consider a slotted TDMA system. In each slot, every user updatasusging stochastic
approximation algorithm (11). In this algorithm, we assunige) = % We choosé = 10. We
begin our simulations using the initial values.ofor 4 users to be\(0) =(1,1,1,1). The user
and its tarnsmission power is selected using optimal policy (10). Figure 3 shows the convergence
for i.i.d. channel. The average powers (normalized to thermal (additive white guassian) noise
power) required by the four users to achieve the desired rates over 10 independent runs are
4.97,3.74,4.91, 4.20 dB respectively.

We next model the more general case of Markovian channel fading to demonstrate the cor-
rectness of our algorithm. In Markovian channel fading model, we assume that the channel gain

for useri obeys the auto-regressive equation,

zi(n + 1) = Bri(n) + (1 — B)gi(n), (16)

where noisgy;(n) is zero mean Gaussian with variancéwe assume samefor all users) and
1

« is correlation coefficient. Note that(0) is exponentially distributed with(z) = Feﬁ.

We take = 0.3. The remaining paramters for the simulation are the same as above. Figure
4 shows a particular trajectory fog(n). Our results demonstrate that the Lagrange multipliers
converge for all users within 3000 iterations. The normalized average powers required for
users are given by.67,6.42,7.61,6.88 dB respectively. From these values, it can be inferred
that the average power required for the Markovian channel is greater than that of i.i.d. channel
case, as expected.

Remark 1: In wireless data transfer applications, the duration of transfer is of the order of
seconds, while the slot duration is of the order of microseconds. Hence, even if there is non-
optimality for the initial slots, our results demonstrate that convergence will occur much before
the actual completion of data transfer.

Remark 2: In practical scenarios, we may not want actual convergence to take place, or we may

only like to be within the neighborhood of the optimal solution. In [17], lock-in phenomenon for
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stochastic approximation algorithm has been considered. If the itefajas within the domain
of attraction (the iterate has begun to converge), then there exists a finite number of iterations
for the iterate to be within a finite distance from the convergence poing probabilistic lower
bound is given for the occurrence of this “nearness” within finite number of iterations.

1) Comparison with Round Robin Schem&Ve now compare our scheduling policy with
the round robin scheme with optimal power transmission. For these simulations, we consider a
symmetric system, i.e., all users have the same channel statistics, i e. the density function of
is exponential with same for all users. All users also have the same minimum rate constraints.
For simulation purposes, we assudie= 1 bits/sec/Hz andr = 1. We simulate the system
with our policy in a manner similar to as described above. We perform the simulations for
varying number of users but each user with the same minumum rate constraint. For each case,
we compute the average transmission power requirement.

In the round robin scheme, each user is selected to transmit in a slot in a round robin fashion.
The user transmits with an optimal power. To determine the optimal power, we consider an
equivalent single user point to point system with minimum rate guarantees equél.t@hus

we can determine the powgsuch that

/log(l + p(x)z)u(x) de = NC (17)

is satisfied.

We compare the average power required in the proposed optimal policy with round robin
scheme with optimal power. The results, shown in Figure 5, demonstrate that as the number
of users increases, the ratio of average transmission power of the optimal policy to that of the
round robin policy increases, but the marginal increase per user decreases. The gain obtained
from power optimal opportunistic policy with number of users is due to multiuser diversity.

We have also simulated the system with different values ahd it has been observed that
this ratio remain nearly the same.

2) Comparison with Best Channel First schem@le now compare our scheme with oppor-
tunistic scheme where the user with the best channel transmits. We simulate the schgéme for
users and assume the valuesrdb be equal ta.6,1.6,1.2,1.2,1,1,0.8, 0.8 respectively. We
assume’' to bel bits/sec/Hz for all users. For the proposed optimal power scheme, the normal-
ized average powers required ®users aré.91,9.91,10.2,10.2,10.5, 10.5, 10.8,10.8 dB and
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the total average power is dB. For the opportunistic scheme, we schedule the user with the best
channel condition with a power so that the average rate constraint is satisfied. The average pow-
ers required are.3,2.3,9.8,9.8,20.9,20.9, 38.8,38.7 dB and the total average power4s.7

dB. Thus we note that not only the total system power requirement for best channel first scheme
is more than that of the power optimal policy, even the individual user's power requirement is

also more. We observe that the proposed policy achieves some kind of power fairness.

V. TEMPORAL FAIRNESS

In this section, we introduce fairness while considering the power optimization. The power
optimal scheduling scheme considered in Section Ill may result in starvation of strong users
in order to satisfy the rate guarantees of weak users. Hence, in this section, we develop a
scheduling algorithm which minimizes power while providing short term fairness and minimum
rate guarantees. We first propose a long term fair scheduler and then propose a heuristic short

term fair scheduler.

A. Long Term Fairness

Our objective is to opportunistically schedule the user with the best channel condition such
that rate guarantees and temporal fairness are achieved and the average transmission power is
minimized.

Let ¢; be the proportion ofemporal bandwidttallocated to usei and¢ = [¢p1¢2 - - - P ].

Thus,¢; represents the fraction of the time slots allocated to us@ur objective is to minimize
average power subject to rate and fairness constraints. The optimization problem is the same as
that of (2) with the following additional constraint

liminf% S Ey(n) > 6 Vi (18)

Using the ergodicity assumption from Section Ill, the Lagrangian with the fairness constraint
is:

f(plap27 A)é/ dmh dl‘N Z/ dq|y7

yeA

p2(y[x) (q - Z Ai [log(1 + qyizs) —Ci] + Z Ni(yi — ¢i)> ;
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where )] is the Lagrange multiplier associated with the constraint (18)js the vector
(A1, -, AN, AL, -+, Ny). Following the approach adopted in Section Ill, we obtain the op-

timal policy as: Select usdrand transmission powet where

k= argm}n{()\i — %)Jr — /\@-[log(

)

1+ ()\i — %)%) — C,} + (1 — @)} (19)
¢ = Qh—iﬁf (20)

Using the stochastic approximation algorithm from Section Ill, the Lagrange multiplier update

eguations can be written as

Mot 1) = () = an) o) tog

ﬁ)*%(m)} _ q}

1+(&—
N(n+1) = [X(n) —a(n)(yi(n) — )" Vi (21)

The optimality of the above scheme can be proved in a manner similar to that in Section Ill.

B. Short Term Fairness

In Section V-A, we have considered long term fairness. Long term fairness guarantees average
proportional time share. However, one of the problems associated with long term fairness is
starvation or Head of Line (HOL) blocking. There exist conditions when a user may not get a
chance to transmit for some period of time even after being assured a minimum rate guarantee.
Thus, it is important to consider a short term fair scheduler.

We consider a window of siz& > N slots. In a short term fair scheduler, we allocate time
share equal te, M3 to useri over this window and say that the scheduler is short term fair over
the windowM . The caseV/ — oo is same as the long term fairness. We first discuss the case
whenM = N. Let A be the set of users, i.e., usere A. For M = N, we can allocate a
maximum of one slot per user. We first select the user from thel sehich is optimal for that
time slot from (193. Let k be the optimal user. We remove ugefrom the list: A = A\ {k}.

We repeat the above process on modifiéd We call this policy aslimination policy The

algorithm for general/ is explained below.

3We assume thag; M is an intege i.
4In the modified algorithm, the set of users4s

September 17, 2006 DRAFT



15

Algorithm 1 Temporal Short Term Fair Scheduling
1: Slot vectorv= M (¢1, d2, -+ , dn)

2 A={1,2,--- N}
3 1=1

4: for i < M do

5. for eachj € Ado
6: Choose optimak using (19).

7: Transmit with powery*
8: {vlr={v} -1

9: if {v}; <O0then

10: A=A\ {k}

11: end if

12:  end for

13: end for

C. Simulation Results

We perform the simulations in a manner similar to Section IV-A except that we consider
the fairness constraints as well. We assume the rate constraints for 4 users, o bg, 1.5
bits/sec/Hz and the fairness constraint® be0.25 for all users. In our simulations, we assume
that the channel gains are Markovian across slots, as in (16). In (16), we consider the values
of o for 4 users to b&.6, 0.8, 1.0, 1.2 respectively. We perform the simulation over 10000 time
slots. In Figure 6 we have shown a snapshot of a particular trajectory;foy. The results
demonstrate that thes converge for all users. The average power to achieve the desired rates
over 50 independent runs fdmusers ard3.09, 11.71, 15.32, 14.64 dB.

We also plot the average power required with increasing window size in Figure 7. The power
required is a decreasing function of the window size. The actual fairness achieved by the long
term and short term temporal fair algorithm are plotted in Figure 8. It may be noted that short
term fair scheduler is not optimal. In this scheme, more emphasis is given to providing temporal
fairness, but in the process, the actual rate obtained may deviate from the desired rates. Thus

there is tradeoff between window size and the achieved rates.
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VI. CONCLUSIONS

In this paper, we have obtained a power optimal opportunistic scheme for multiuser TDMA
system with minimum rate constraints for individual users. We have proposed an online optimal
scheduling algorithm based on stochastic approximation and proved the convergence of the al-
gorithm to optimal policy. We have demonstrated the superiority of our algorithm over Round
Robin Scheme with optimal power and Opportunsitic Scheme with Beest Channel First through
simulation results. We have performed the simulations for both i.i.d. as well as correlated fading
model. Finally, we have extended the approach to incorporate temporal fairness constraints as
well and proposed a heuristic based short term fair algorithm. We have compared the perfor-
mance of the heuristic algorithm with long term fair algorithm. This framework can be extended
to multihop TDMA network. We can also take into account delay constraint of users. We are

currently investigating in these directions.

APPENDIX I

EXISTENCE OF OPTIMAL STOCHASTIC APPROXIMATION ALGORITHM

In this appendix, we prove the convergence of the stochastic approximation scheme given in
(11).

Let F(A) = min,, ,, f(p1,p2, A). Let D, F denote the partial differentiation @f w.r.t. x.

The differential inclusion of" at A is denoted by)F'(A). Note thatoF' is upper semicontin-
uous [18]. For the existence of optimal solution for (3), we must have, stationary(peiotr'.

Note that we have used a projection operator in the stochastic approximation algorithm (11),
however, we present the proof here without projection. The proof for the convergence with
projection operator can be given by extending this proof with the techniques given in [16].

Lemma 1:

F () is concave

Proof: F': {0,R*} — R is affine inA and F is the point-wise minimum of a family of affine

functions of\. HenceF' is concavell

Lemma 2:The stochastic approximation scheme for the maximization of funatipn) is
given by,
Aln+1) = (A(n) = a(n)[h(A(n)) + M(n + 1)]),
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providedh(\) € 0F. Here,M(n + 1) = (My(n + 1), Ms(n + 1)...,My(n + 1)) where
M;(n + 1) has been defined in (12).

Proof: F'is a concave function by Lemma 1. A concave function is continuous in the interior
of the domain. Hencé' is continuous ovef0, co). By stochastic subgradient descent algorithm

[19], Lemma 2 is provedll

Lemma 3:

A(t) € DF(A(t)). (22)

Proof: We note thatf(., p1, p2) is affine, continuous and differentiable Jaand continuous in
p1, p2. Hence the following properties are satisfied-

1) f(X, p1,p2) is differentiable at\ uniformly in py, p,

2) Dy f(A, p1,p2) is continuous iy, ps,

3) f(A,p1,p2) is lower semicontinuous iA.

If the above conditions are satisfied, then from [20], it can be showmthé\) = coY ()
wherecoY denotes the compact convex hulliéandY (\) := {D}\F()\)Vpl, po that minimizeg (X, py, pg)}.

Let S : RY — RY denote a set-valued map satisfying the following conditions:

1) S is upper semicontinuous,

2) Foreacty € RV, S(g) is convex and and compact set,

3) For someK > 0 and for allg in each bounded baf ¢ R,

sup |[s[| < K(1+|lgl]),
s€S(9)

where|| || denote the Euclidean norm &t".
With these general conditions, it can be proved [19] that the stochastic approximation of the

following form,
gn+1) =g(n) +an)[s(n) + M(n+1)], s(n) e S(g), (23)

will characterize a stochastic inclusion lingitt) € S(g(t)).
The set valued mafF satisfies the above properties 1 and 2 by the definition of superdiffer-

ential [18]. Let us restrict(n) to have valuedhi(A(n)). We now proceed to provigh(A)|| <
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K(1+||A||) andh(X) € OF. To prove this, first consider

[itds)mios(1+ () = -y - €1

= ([ vtdo) (s(mion(1 + ) = %) )
< y'<>ma<>%»

< / v(dzx)log(A /1/ (dx)log(x;)

< K(1+ ;) for somek (24)
From (24) and definition offh(\)|| we get,
R[] < K+ [[A]]). (25)

Now we have to shol(A) € Y(X). Considerf (X, p1, p2) where onlyy;(n) = 1. Differenti-

ating thisf w.r.t. \; and substituting optimal value gf we get,

1 ) (woostr + vt~ Ly il
= h(X) € coY (N).

N,

SincedF(A) = coY (A) , thenh(X) € 0F(X). Thus if we consider the set valued méjto
be F, then stochastic approximation (22) satisfies the differential inclusion Aftit € OF.
|

Lemma 4:\(t) converges surely to a unique globally asymptotically stable equilibrium point.

Proof: Let F'= —F. ThusF is the function to be minimized. Consider a continuous Lyapunov
function V(A\) = F(X) — F(A*). ThusV(\*) = 0, where\* is the optimal point. Note that
V(A) > 0 and this function is not differentiable. For such non smooth Lyapunov function, the

condition for stability in terms of the Dini derivativB™ can be expressed as
(¢, D"V (2)) <0, ¢e—IF. (26)

But, D*V(X\) € dF. Thus (26) is satisfied. As the minimum &f is unique, \(t) surely
converges to optimal point and is stalii.

The boundedness of the algorithm can be proved by assukiad0, L] V i, L > 0.
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APPENDIXII

BOUNDEDNESS OFI TERATES

For proving the boundedness of the iteratesve use a variation of the technique adopted for
proving the boundedness of a linear stochastic approximation algorithm in [21].
Consider the following iteration to updake, with iz(/\i) = @

AN +1) = A(n)+an) (hi()\))\i+Mi(n+1)).

We impose the following assumption for proving the boundedness.
Assumption 1: The channel gain(n) € (0, )
The assumption is valid for most denisty functions used in modeling the channel.
Assumption 2: \;(n) >0
This assumption is imposed for the boundedness of the fungtior(n)). For the linear pro-
gramming problem considered, the constrained is satisfied at the boundary. Thiskxheafs
wheneverC; > 0.
Assumption 3: h;(A) — C; # 0 for X £ A™.
We next follow similar approach as in [21]. Important intermediate steps are stated.
We define iterationd? (n),

;\f(n+ 1) = S\f(n) + a(n) <Bl()\(n)max()1\z,(|7;\)(nj)|)) + a(n) maj)\ﬁ;ﬁ;(?lz)jﬂ) (27)

— N(n)+a(n) (hio\(n))xg (n) + Mi(n + 1)) .

S ) B . { ‘
max(1,[A(n)[)’ n oz Mg, Njp1 min § n > n;

where, X/ (n) =

?:_nl,- a(l) > T}, ng =

0,7 > 0and| |denotes the max norm.

Iteration (27) has the structure of the basic iteration discussed in [21]. Following the stopping

o i—L)+
time formulation in [21], using the Assumptions 1, 2, 3 and the boundedn%ﬁg(iiixi))

it can proved that,

sup | A(n)| < oo, w.p. 1 (28)
which means the iterates are bounded.
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