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ABSTRACT [3], and signal processing [6]. Givefi and ®, the esti-

Given a large overcomplete dictionary of basis vectors, our mation goal in each case is to approximate the row-sparse
goal is to efficiently represent > 1 signal vectors us- ~ generating weights.

ing coefficient expansions marked by a common sparsity ~ Given a statistical model for the noigg we can for-
profile. This generalizes the standard sparse representatiomulate the likelihood foi¥.  Furthermore, if we assume
problem to the case where we have access to multiple re-Some sparse prior distribution 6%, we may then consider
sponses that were putatively generated by the same smalflinding the posterior distributiop(W|T), which allows us
subset of features. Ideally, we would like to uncover the as- t0 assess which basis vectors (i.e., column@ptre im-
sociated sparse generating weights, which can have physicaportant in representing'. For example, given a Gaussian
significance in many applications. The generic solution to likelihood and arfy-quasi-norm-based row prior, we could
this problem is combinatorial and therefore we seek approx-search for the posterior mode via

imate procedures. Sparse approximation algorithms tailored . ) M
to the multiple response domain have typically fallen into min |7 — @W ||z + A Z{lwillz>0]. (2
two categories: Greedy algorithms such as Matching Pur- =1

suit or regularized least-squares methods such as Basis Putdnfortunately, this problem has a combinatorial number of
suitand FOCUSS. While these approaches have been extersuboptimal local minima, as do many MAP estimation prob-
sively analyzed by others, there has been comparably lessems involving sparsity-inducing priors (an exception being
progress with regard to the development new sparse approxthe Laplacian-based Basis Pursuit formulation, which leads
imation cost functions and algorithms. Herein, we derive an to a linear programming implementation). Rather than em-
alternative cost function and associated learning rule basedarking on a difficult mode-finding expedition, we instead
upon a sparse Bayesian learning formulation that improvesenlist an alternative Bayesian strategy that is concerned with

upon existing methods in many cases. exploring regions of significant probability mass. Specifi-
cally, we posit a standard sparse prior and then adopt a con-
1. INTRODUCTION venient class of variational approximations that allow us to

_ _ directly track areas of probability mass in the full distribu-
Suppose we are presented with a sef.dérget signals (or  tion. Moreover, this particular approximation consistently

“?SPOHSGS) imN,_T = [t1,...,t.z],and an overpomplete places its prominent posterior mass on the appropriate re-

dictionary of basis vector € R¥**, that are linked by gjon of W-space necessary for sparse recovery. The un-

a generative model of the form derlying methodology is based on previous work in [12].
T =W+, 1) Additional details can be found in [13].

whereW = [w.,...,w.] = [wi.;...;wy.] IS an un- 2. ALGORITHM DERIVATION

known weight matrix and is noise. Moreover, suppose we ! . .
have some prior belief that evety has been generated by a We must first spe_:cn‘y the functl_onal forms for our assumed
sparse coefficient expansion, each of which is characterized'ke“hooOI and prior. _Startlng with the for_mer, we post_ulate
by a common sparsity profile, i.e., most rowsTsF have p(T|W) to be conditionally Gaussian with noise variance
zero norm. Such a situation arises in many diverse applica-
tions such as neuromagnetic imaging [8], communications

o?. Thus, for eaclt.;, w.; pair, we have,

1
_ 2\—N/2 2
p(t.jlw.;) = (27c?) exp (—||t; — dw || ) .
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Next, we will denote our specific hypothesis (or prior be- algorithm. For the E-step, this requires computation of the
lief) that W is row-sparse a%(. To encourage few nonzero posterior moments
rows inW (or equivalently, few selected columns®f, we R S
choose the sparsity-inducing Student's t-distribution as the X = Cofw;|[T;v] =T -T'®" ¥, @r, (8)
basis ofyg(W;H). Specifically, we adopt the following form M = [p1,... pr) 2 EW|T;~] =T3S, T,
for thei-th row of W:
o 2 while the M-step is expressed via the update rule
w;.||5
2

~(atL/2)
) L@

wi;H)=C b+
p( ) ( (new) _ %”IJ”LH% + Eu + 2b

wherea, b, andC are positive constants. Such a prior favors
rows with zero norm (and therefore all zero elements) owing for all i = 1,..., M. Interestingly, whenL = 1 both

to the sharp peak at zero and heavy tails. The row priors may(8) and (9) can be reduced to the sparse Bayesian learning
then be multiplied together to forp(17; H). Given these  (SBL) iterations (the EM version) derived in [10] for single
selections, the resulting joint densjtyWV, T'; ) cannot be  response models. Because of this affiliation, we shall refer
easily evaluated to affect sparse recovery and so we con+o this multiple response algorithm as M-SBL, Multiple

sider a reasonable approximation. In choosing an approx-response modéparseBayesianLearning

imate modelp(W,T; H), we would like to match, where Using the specified update rules fpr we arrive at the
possible, significant regions of probability mass in the true approximate posteriop (W |T';v*), where~* indicates a
modelp(W, T;H). For a givenl', one obvious way to do  fixed point of (8) and (9). This distribution is multivariate
this is to selec#{ by minimizing the sum of the misaligned Gaussian with moments given by (8). Also, we find that

mass, i.e., when we choose = b — 0, many of they;’s are equal
) ) to zero. This effectively collapseg W|T';v*) to a rele-
L(H) 2 / ’p(m T;H) — p(W,T; H)| dW. (5) vant low-dimensional subspace bf-space. This collapse,

and the Gaussian nature of the nonzero portion of the dis-
tribution, allows us to easily evaluate the posterior weight
mass in assessing the relative importance of each basis vec-
tor. Specifically, as we will soon show, if a vector plays an
important role in shapin@’, then substantial posterior mass
will be placed in regions where the corresponding weights
N b _ are nonzero. In contrast, superfluous basis vectors are ef-
p(wi;H) > p(wi; H) = exp (_%) 7 “N(0,%1). (6) fectively pruned by lumping all posterior mass at the appro-
priate zero-valued weights. Moreover, a common sparsity
Combining each of these approximate row priors, we ar- profile is ensured since is the same for each column of
rive at the full approximate prigr(W; H) = [], p(w;.; H), W, i.e., a singley; for each row.
whose form is modulated by a vector of variational param- While the algorithm was derived using real quantities
etersy = [y1,...,yu]". At this point, we are positioned  for simplicity, it is easily extensible to the complex domain
to minimize (5) using{ selected from the set of variational [13]. Additionally, the multiple response SBL framework
approximations. Specifically, using thgW; ) derived  npatyrally allows for learning the dictionarg (of course

We must now consider a suitable class of approximatiens
such that (5) is computable. By extending convexity results
from [12], we can form a rigorous lower bound to each row
prior via

above, (5) simplifies to now we can no longer assume a common sparsity profile).
. As a direction for future study, an especially efficient and ro-
L(v) = /*p(T|W)P(W; H)dW bust algorithm exists when the unknown dictionary is com-
. plete and possibly constrained to being orthogonal. The lat-
_ 1 Ty—1, ter case is useful for learning a sparsity-inducing transform
- 2 2 [log [ 2] +£.,5%"¢.,5] + for wavelet shrinkage.
]:
M b
Z ( + alogfyi) , (7 3. EMPIRICAL COMPARISONS
: Yi
=1

In[2,3,7,9, 11], several methods are presented for solving
whereX; £ ¢2I + ®I'd”, I' £ diag(v), and the varia-  estimation problems based on (1). These algorithms repre-
tional assumptions have conveniently allowed us to removesent multiple response extensions of more familiar methods
the absolute value and therefore, explicit dependency onsuch as Orthogonal Matching Pursuit, Basis Pursuit, and
p(W,T;H). Treating the unknown weighfd” as hidden FOCUSS, hence we will refer to them as M-OMP, M-BP,
data, we can optimize this expression using a simple EM and M-FOCUSS respectively. The latter two approaches



can be formulated as MAP estimation using a Gaussian like- I
lihood model and an implicit/,-quasi-norm-based prior 0.9F
that penalizes diversity (i.e., rewards sparsity). In fact, M- o8l
FOCUSS (withp — 0.0) implicitly employs an equivalent o7l
prior to M-SBL when we choose = b — 0; both are
related to a multiple response version of the Jeffreys nonin-
formative prior. The primary difference is that during opti-
mization, M-SBL is traversing a restricted space of posterior
mass, whereas the others search for the posterior mode. 0.3t
We would like to quantify the performance of M-SBL o2l
relative to these other methods in recovering sparse sets of
generating weights, which in many applications have physi-
cal significance (e.g., source localization). To accommodate " 15 2 25 3 35 4 a5 5
this objective, we performed a series of simulation trials Number of Responses (L)
where by design we have access to the sparse, underlying ‘ IR

Error Rate
o
(%)

©
~
T

model coefficients. For simplicity, noiseless tests were per- adl -
formed first; this facilitates direct comparisons because dis-  08f 7
crepancies in results cannot be attributed to poor selection o7}

of trade-off parameters (which balance sparsity and quality
of fit) in the case of most algorithms.
Each trial consisted of the following: First, an overcom-

Error Rate

pleteN x M dictionary® is created with columns draw uni- o4

formly from the surface of a unit hypersphere as proposed %3/

in [4]. Sparse weight vectora.q, ..., w.;, are randomly o2r/ /

generated withD nonzero entries and a common sparsity 0.1—," /

profile. Nonzero amplitudes are drawn from a uniform dis- B ‘ ‘ ‘
tribution. Response values are then computedl as @1V ! Y kedmnsameyony o °
Each algorithm is presented wiffi and® and attempts to 1 ‘

estimatelV. With M-OMP, M-BP and M-FOCUSS, this L MrOtUSS (o=

. . . 0.9 (p=0.0) 4
is accomplished directly. In contrast, M-SBL produces a M-FOCUSS (p=0.8) J
tractable posterior distribution o, which we may then 08y MZSEL /

employ to make a prediction, namely, we choose the pos- o7}
terior meanM* as our estimate. For all methods, we can &
compardV with W after each trial to see if the sparse gen- §
erating weights have been recovered. Results are shown in 3 °°
Figure 1 fop) and middlg asL and M are varied. 0.4}
We also performed analogous tests with the inclusion of 5t
noise. Specifically, AWGN was added to produce an SNR
of 10dB. When noise is present, we do not expect to repro-
duceT exactly, so we now classify a trial as successful if 0.1- 107 = 10
the norm of each estimated row associated with a nonzero Trade-Off Parameter Value
row of W is greater than the norms of all other rows. Figure
1 (botton) displays sparse recovery results as the trade-off Fig. 1. Empirical results comparing the probability that
parameter for each algorithm is varied. each algorithm fails to find the sparse generating weights
Overall, we see that M-SBL outperforms the others. It under various testing conditions. Each data point is based
is especially salient to compare the M-SBL results with M- on 1000 independent trials, and in all ca®és= 25. Top
FOCUSSp = 0.0. Based on equivalent implicit Bayesian With M = 50 and D = 16, we vary L from 1 to 5 to
priors, we see that optimizing with respect to mass handily examine the benefits of multiple responsésiddle: With
outperforms mode-finding. Additionally, Figure 1 is repre- D = 16 andL = 3, M is varied fromN to 4N to explore
sentative of a larger set of trials based on diverse experi-the ability of each algorithm to handle increased dictionary
mental conditions, e.g., different dictionary types, alternate redundancy.Bottom With 10dB additive Gaussian noise,
weight distributions, use of complex data, etc. In the casesM = 100, D = 8, andL = 4, we vary the trade-off param-
tested thus far, M-SBL has maintained a higher probability eter for each algorithm. Note that M-OMP performance is
of recovering the sparse generative weights. flat here since it has no trade-off parameter.
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4. ANALYSIS results in various source localization applications are very
promising.

Several interesting things are worth noting with respect to
the M-SBL framework. First, in the absence of noise, if 5. REFERENCES
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